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Graph states are an important resource for measurement-based 
quantum computation1. Single-qubit Clifford operations change 
the state while preserving the entanglement structure, a process 
modeled by local complement (LC) operations on graphs2. This 
research explores the LC equivalence class for certain graphs.

The preparation of a graph state is represented by a graph1.
• Vertices denote qubits.
• Edges denote entanglement through a CZ gate.
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orbit 
size
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Local complement (LC) is a transformation on graphs7.
LC with respect to a vertex 𝑣 complements the edge set of 𝑁(𝑣).

A graph is called distance hereditary (DH) if all connected 
induced subgraphs preserve distance between vertices6.
LC operations preserve the distance hereditary property.

The LC orbit of a graph refers to 
the equivalence class of graphs 
related by LC operations.
We examine symmetries to derive 
explicit formulas for the orbit size.

Complete Star Complete 
Bipartite

Complete 
k-partite

Multi-leaf 
Repeater

Clique-Star

Equivalent: completely separable; recursive construction via twins; rank-width 1 

Graphs related via LC operations are called locally equivalent.
Corresponding graph states are related via single-qubit Cliffords.

the QASST. To understand this, we first make
explicit the e!ect of local complements applied
to a graph on that graph’s QASST.
Recall that local complement with respect

to a chosen vertex v → V (G) a!ects the
edges in NG(v). However, two adjacent ver-
tices in G may belong to di!erent quotient
graphs in QASST (G). This means that local
complement can have an e!ect on the edges
in multiple quotient graphs. Intuitively, we
can interpret local complements as transmit-
ting through adjacent quotient graphs in the
QASST via pairs of split-nodes. Figure 15
shows an explicit example of this. We can for-
malize this idea in terms of the recursive func-
tion defined in Algorithm 1.

Algorithm 1: LC Propagation
Data: A vertex v, quotient graphs

Q1, · · · , Qk.
Result: Quotient graphs Q→

1, · · · , Q
→
k.

1 for ω = 1, · · · , k do
2 Initialize Q→

ω = Qω;
3 Identify Qi for which v → V (Qi);
4 Update Q→

i = cv(Qi);

5 for split-node sji → NQi(v) do
6 Update (Q→

1, · · · , Q
→
k) =

LC Propagation(sij , Q
→
1, · · · , Q

→
k);

7 Return Q→
1, · · · , Q

→
k;

Local complement on a graph G is only with
respect to a vertex v → V (G); v corresponds to
some leaf-node in one of the quotient graphs of
QASST (G). The first call of the function de-
fined in Algorithm 1 must use a leaf-node, but
observe that during the recursive step, every
subsequent call of the function is with respect
to a split-node. Furthermore, each call of the
function only computes one instance of local
complement as determined by the input vertex.
Split-nodes always come in pairs, representing
two adjacent quotient graphs in the QASST.
Hence, for a given split-node sji → NQi(v), the

recursive step of the algorithm calls the func-
tion using that split-node’s partner sij → Qj . In
this way, a series of local complements propa-
gates through QASST (G).
Split-nodes can be thought of intuitively as

bundles of fully connected edges between pairs
of adjacent quotient graphs. Hence, when ap-
plying local complement on a quotient graph
with respect to the neighbor of a split-node,
this propagates to local complement on the
next quotient graph via that split-node’s part-
ner. Since QASST (G) is a tree, this pro-
cess will eventually terminate after transmit-
ting from the original node through some num-
ber of bridges in the QASST defined by these
pairs of split-nodes. Not every quotient graph
need be visited; only those quotient graphs
which contain vertices adjacent to the original
vertex v → V (G).
Figure 15 shows the e!ect of propagating lo-

cal complements on the QASST. In this ex-
ample, the function of Algorithm 1 has three
recursive iterations after the initial function
call. This sequence of local complements is
visualized by a path through the QASST. Af-
ter the initial leaf-node, all subsequent local
complements are with respect to the split-node
where this path enters the corresponding quo-
tient graph.
Algorithm 1 shows that local complement

applied to a graph induces some number of lo-
cal complements on the quotient graphs of the
QASST. In particular, this means that any two
graphs related via local complement will have
either the same quotient graphs or quotient
graphs related via some induced local comple-
ment. This can be extended to the full LC
orbit to prove the following fact about locally
equivalent graphs.

Theorem 7.7. If G1 and G2 are locally equiv-
alent graphs, then the quotient graphs in
QASST (G1) and QASST (G2) are also locally
equivalent.
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LC operations propagate 
through quotient graphs 
via adjacent split-nodes.
This process is recursive.

Qn (count) Qm (count) Total Transformation from Kn,m Number of Edges
c 1 c 1 1 invalid N/A
sc 1 ss m m invalid N/A
ss n sc 1 n invalid N/A
sc 1 sc 1 1 id(Kn,m) nm

sc 1 c 1 1 cin(Kn,m) nm+ m(m→1)
2

c 1 sc 1 1 cim(Kn,m) nm+ n(n→1)
2

ss n c 1 n cin → cim(Kn,m) n+m↑ 1 + m(m→1)
2

c 1 ss m m cim → cin(Kn,m) n+m↑ 1 + n(n→1)
2

ss n ss m nm cin → cim → cin(Kn,m) n+m↑ 1

Table 5: Enumeration of the combinations of symmetric quotient graphs in QASST (Kn,m),
where each component is either complete (c), star-center (sc), or star-spoke (ss). The first
block represents the n + m + 1 cases which do not preserve strong splits; these are not LC
equivalent to Kn,m. The remaining nm + n + m + 3 cases are all obtainable from Kn,m with
local complements using the given transformations. In this notation, in ↓ [n] = {1, · · · , n}
denotes any index on the leaf-nodes from Qn, and im ↓ [m] = {n + 1, · · · , n + m} denotes
any index on the leaf-nodes from Qm. The resulting graphs with the same symmetry will be
isomorphic, with the center of the star-spoke quotient graph matching the vertex in in Qn and
im in Qm. The number of edges in the corresponding graph is also given for each valid case.

conclude with a statement of these facts as a
theorem.

Theorem 8.3. Consider the LC orbit of
the unlabeled complete bipartite graph Kn,m,
wherein isomorphic graphs are taken to be
equal. Assume that n,m ↔ 2. If n ↗= m,
then |O(Kn,m)| = 6, matching the six sym-
metry classes of Table 5. If n = m, then
|O(Kn,m)| = 4; in this case, symmetry classes
2 and 3 are identical, as are classes 4 and 5.

8.2 Complete k-Partite Graphs

Generalizing from the complete bipartite
case, we consider the complete k-partite graph
Kn1,··· ,nk , where k ↔ 3 and ni ↔ 2. The
QASST decomposition for a generic graph of
this form is shown in Figure 21. It consists
of a ring of quotient graphs Q1, · · · , Qk, each
of which is a star graph containing n1, · · · , nk

leaf-nodes, respectively, connected to a sin-
gle split-node as shown. These are organized

around a central quotient graph Q0 which is
complete on k-split nodes.
In much the same way as the complete bipar-

tite graph, we may compute upper and lower
bounds on the size of the LC orbit by examin-
ing the symmetries of the QASST decomposi-
tion. However, there are many more cases to
consider and the full analysis is quite techni-
cal. We leave the details to Appendix B but
highlight the results here.
For a generic complete k-partite graph

Kn1,··· ,n2 , the size of the QASST equivalence
class is derived Appendix B.2 (Equation 13)
and reproduced here:

!(Kn1,··· ,nk) =
k∏

i=1

(ni + 1) +

2
k∑

j=1




k∏

i=1 ↑=j

(ni + 1)



 .(9)

The lower bound on the size of the LC orbit
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Class of Graph Notation Size of the LC Orbit
Complete Bipartite 𝐾!,# 𝑛𝑚 + 𝑛 +𝑚 + 3
Complete k-partite 𝐾!!,⋯,!" Π%&'( (𝑛% + 1) + Σ)&'( Π%∈ ( ∖)(𝑛% + 1)
Clique-Star 𝐶𝑆!!,⋯,!"

, Π%&'( (𝑛% + 1) + Σ)&'( Π%∈ ( ∖)(𝑛% + 1)
Multi-leaf Repeater 𝑀𝑅!!,⋯,!" 𝐾!!,…,!"  (even k) or 𝐶𝑆!!,…,!"

,  (odd k)
*even products only; *odd products only; two possibilities for multi-leaf repeater.

Enumeration of all quotient 
graph symmetris in QASST  
of complete bipartite graph.

min. 
edges

The split decomposition divides a graph into simpler components 
by collapsing edges between complete bipartite subgraphs5.
The connectivity of these components, called quotient graphs, is 
described via the quotient-augmented strong split tree (QASST).

Graph state creation via fusion on QASST:
• Implement quotients as graph states 𝑄! , ⋯ , |𝑄"⟩.
• Fuse split-node qubits into full graph state |𝐺⟩.

For a DH graph with 𝑛 vertices and 𝑘 quotients:
• Prepare quotient graph states as stars (minimal edge).
• Requires 𝑛 + 2𝑘 − 2 qubits (including split-nodes).
• Apply local Cliffords to quotients (at most 𝑘), then fuse.
• Requires 𝑛 + 2𝑘 − 3 total CZ gates (including fusions).

nicholas.connolly@oist.jp

Recent research into graph states has focused on enumerating 
LC equivalent graphs3, often with a goal such as minimizing the 
ammount of preparation resources4. While previous approaches 
have relied on brute force searching, we use a technique known 
as the split decomposition5 to characterize the entire equivalence 
class for certain families of distance hereditary graphs6.

𝐺 = |𝐺⟩ =

Graphs with fewer edges require fewer CZ gates to implement.
Graphs with lower vertex degrees require fewer time steps4.

𝐺 = 𝑐'(𝐺) =

𝐾# 𝑆#$! 𝐾#,& 𝐾#!,⋯,#" 𝑀𝑅#!,⋯,#"𝐶𝑆#!,⋯,#"
(
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Quotient graphs have three types: star, complete, or prime.
Distance hereditary graphs contain only star or complete.
Local complement preserves the tree and transforms quotients.
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Example: Complete Graph	𝐾#
LC orbit contains 𝑛 + 1 graphs.
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