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Some Erasure Decoding Papers We Will Discuss
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Paper Decoder Code Type

[1] Luby, M. G., Mitzenmacher, M., Shokrollahi, M. A., & Spielman, D. A. (2002). 
Efficient erasure correcting codes. IEEE Transactions on Information 
Theory, 47(2), 569-584.

Peeling decoder Classical linear 
LDPC codes

[2] Connolly, N., Londe, V., Leverrier, A., & Delfosse, N. (2024). Fast erasure 
decoder for hypergraph product codes. Quantum, 8, 1450.

Pruned peeling 
and VH decoder

CSS codes and 
HGP codes

[3] Delfosse, N., & Zémor, G. (2020). Linear-time maximum likelihood decoding 
of surface codes over the quantum erasure channel. Physical Review 
Research, 2(3), 033042.

Surface code 
spanning-tree 
peeling decoder

Surface codes

[4] Delfosse, N., & Nickerson, N. H. (2021). Almost-linear time decoding 
algorithm for topological codes. Quantum, 5, 595.

Union-find 
decoder

Surface codes 
(gen. to qLDPC)

[5] Nishio, S., Connolly, N., Piparo, N. L., Munro, W. J., Scruby, T. R., & Nemoto, 
K. (2025). Multiplexed quantum communication with surface and 
hypergraph product codes. Quantum, 9, 1613.

Surface peeling 
and VH decoder
(*Application)

Multiplexed 
toric and HGP 
codes

[6] Yao, H., Gökduman, M., & Pfister, H. D. (2025). Cluster decomposition for 
improved erasure decoding of quantum ldpc codes. IEEE Journal on Selected 
Areas in Information Theory.

Cluster decoder Any quantum 
LDPC codes



(Classical) Tanner Graph Representation of a Code

2025/12/19 © Okinawa Institute of Science and Technology Graduate University 2025 3

Recall: A (classical binary linear) code 𝐶 of length 𝑛 is a subspace of 𝐹!".
• 𝐶 is the kernel of a parity check matrix 𝐻.
• The vectors of this subspace are the codewords of 𝐶.
• The length 𝑛 of 𝐶 is the number of “bits” per codeword.
• The dimension is 𝑘 = 𝑛 − 𝑟𝑎𝑛𝑘 𝐻 .

The Tanner Graph of 𝐶 = ker(𝐻) is the bipartite 
graph 𝑇 𝐻  defined using 𝐻 as a bi-adjaceny matrix
• Columns of 𝐻 are bits of 𝑇 𝐻  (circle nodes).
• Rows of 𝐻 are checks of 𝑇(𝐻) (square nodes). bits checks

bit 𝑎!

check 𝑏!



Examples of Parity Check Matrices and Tanner Graphs
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5-bit repetition code [7,4,3] Hamming code
(used in Steane code)



(Classical) Binary Erasure Channel and Correction
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• A codeword 𝑥 ∈ ker(𝐻) is sent through a noisy erasure channel.
• Each bit in the message 𝑥 is erased (lost) with probability 𝑝.
• Erased bits can be replaced with random bits (0 or 1), yielding corrupted codeword 𝑦.
• Corrupted codword 𝑦 can be corrected using standard (bit-flip) error correction.
• Additional information: non-erased bits are known to be correct!



Erasure-Induced Subgraph of the Tanner Graph
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• The “erased” part of a codeword 𝑥 ∈ ker(𝐻) can be viewed inside a subcode.
• The submatrix of 𝐻 corresponding to erased bits in 𝑥 defines a subgraph of 𝑇(𝐻).
• Degree-1 check nodes in the subgraph carry perfect information about adjacent bits.

𝑥 =

𝑥′ =

𝐻 =

𝐻′ =

𝑇(𝐻) =

𝑇(𝐻′) =



Classical Peeling Decoder Algorithm
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Luby, M. G., Mitzenmacher, M., Shokrollahi, M. A., & Spielman, D. A. (2002). Efficient erasure correcting codes. IEEE Transactions on Information Theory, 47(2), 569-584.

1. Given erasure vector 𝐸 ∈ 𝐹!", consider the erasure-induced subgraph of 𝑇(𝐻).
2. Select a dangling (degree 1) check in this subgraph.
3. Correct the value of the single adjacent erased bit based on the dangling check.
4. Remove this bit from 𝐸, shrinking in the erasure (“peeling”).
5. Repeat until the erasure is empty, or no dangling checks remain.

𝐸
𝐸′ 𝐸′′

𝐸### = ∅



Stopping Sets for the Peeling Decoder
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• A decoding success or failure depends only on the erasure vector.
• Success occurs if there exists a sequence of dangling checks that peel the whole erasure.
• Failure occurs when there exists a non-empty erasure vector with no dangling checks.
• An erasure-induced subgraph of 𝑇(𝐻) with no dangling checks is called a stopping set.
• Tanner graphs for sparse (LDPC) codes have fewer stopping sets.

𝐻 = 𝑇(𝐻) =

𝐻′ =
𝑇(𝐻′) =

stopping set

N
o dangling checks



Review: Quantum CSS Codes from Classical Codes
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• A quantum code of length 𝑁 and dimension 𝐾 is a subspace of a Hilbert space.
• Vectors are 𝑁-qubit states 𝜓 ∈ 𝐶$.
• Errors on |𝜓⟩ are represented by 𝑁-qubit Pauli operators in 𝑃$ = 𝐼, 𝑋, 𝑌, 𝑍 ⊗$.

• A stabilizer code is the space of states left fixed by a subgroup of the Pauli group 𝑃$.
• Defined by a set of stabilizer generators 𝑔&, ⋯ , 𝑔' = 𝐺 ⊆ 𝑃$

• A CSS code 𝐶 = 𝐶𝑆𝑆(𝐶(, 𝐶)) is a stablizer code defined from two classical codes.
• Defined by commuting Pauli 𝑋- and 𝑍-operators as stabilizer generators.
• These define the rows of matrices 𝐻( and 𝐻* satisftying 𝐻(𝐻*+ = 0 (commutivity). 
• 𝑍- and 𝑋-error correction is modeled by classical 𝐶( = ker(𝐻() and 𝐶* = ker(𝐻*). 

𝐻( = 𝐻* =

Example:
Steane Code

𝑍-stablizers:
𝐼𝐼𝐼𝑍𝑍𝑍𝑍
𝐼𝑍𝑍𝐼𝐼𝑍𝑍
𝑍𝐼𝑍𝐼𝑍𝐼𝑍

𝑋-stablizers:
𝐼𝐼𝐼𝑋𝑋𝑋𝑋
𝐼𝑋𝑋𝐼𝐼𝑋𝑋
𝑋𝐼𝑋𝐼𝑋𝐼𝑋

∈ 𝑃,



(Quantum) Peeling Decoder for CSS Codes
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• For CSS code 𝐶 = 𝐶𝑆𝑆(𝐶(, 𝐶*), 𝑋- and 𝑍-type Pauli errors can be corrected separately.
• Pauli errors in 𝑃$ can be mapped onto binary strings in 𝑍!$.

• Pauli error correction is modeled by classical error correction with 𝐶( and 𝐶*.
• For erasure errors, the Peeling Decoder can be directly applied.
• However, it works poorly due to certain quantum features.



Hypergraph Product (HGP) Codes
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Theorem (Tillich-Zémor):
The Hypergraph Product code 𝐶 = 𝐻𝐺𝑃(𝐶!, 𝐶")of two classical 
codes 𝐶! = ker(𝐻!) and 𝐶" = ker(𝐻") is the quantum code 
𝐶 = 𝐶𝑆𝑆 𝐶# , 𝐶$ , where 𝐶# = ker(𝐻#) and 𝐶$ = ker 𝐻$  
have parity check matrices 𝐻# and 𝐻$ defined from 𝐻! and 𝐻".

Tillich, J. P., & Zémor, G. (2013). Quantum LDPC codes with positive rate and minimum distance proportional to the square root of the blocklength. IEEE Transactions on Information Theory, 60(2), 1193-1202.

• The matrices have sizes 𝐻! = 𝑟!×𝑛! , 𝐻" = 𝑟"×𝑛! , so 𝐻# = 𝑟!𝑛"× 𝑛!𝑛" + 𝑟!𝑟" , 𝐻$ = [𝑟"𝑛!× 𝑛!𝑛" + 𝑟!𝑟" ].
• 𝐶 has length 𝑁 = 𝑛!𝑛" + 𝑟!𝑟" and dimension 𝐾 = 𝑁 − 𝑟𝑎𝑛𝑘 𝐻# − 𝑟𝑎𝑛𝑘(𝐻$).
• C has minimum distance min(𝑑!, 𝑑") where 𝑑! and 𝑑" are the minimum distances of 𝐶! and 𝐶".



Tanner Graph Structure of Hypergraph Product Codes
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HGP Code: 𝒁-Type Stabilizer Generators
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a2a2
a2a3

b1b2 b2b2



HGP Code: 𝑿-Type Stabilizer Generators
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b2b1
b2b2

a2a2 a3a2



Visualizing Stabilizer Support in the HGP Tanner Graph
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b2b1
b2b2

a2a2 a3a2

a2b2

a3b2

a2b1

a3b1

b2b1
b2b2

a2a2 a3a2

𝑋-stabilizer generators (rows of 𝐻#)



Stabilizer Stopping Sets and the Pruned Peeling Decoder
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• The qubit-support of an 𝑋- or 𝑍-stabilizer is a stopping set of ker 𝐻*  or ker(𝐻().
• This is a consequence of commuting 𝑋- and 𝑍-stabilizers for CSS codes.

• Break the stopping set by removing a single qubit from the erasure.
• This is valid thanks to a feature of stabilizer codes.

• If there are new dangling checks, continue peeling.

st
ab

ili
ze

r s
to

pp
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g 
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t

break stopping set

new dangling checks



Vertical and Horizontal Stopping Sets for HGP Codes
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• Peeling decoder stopping sets in 
classical codes 𝐶& and 𝐶! “lift” to 
HGP code stopping sets on a single 
row or column in 𝐻𝐺𝑃(𝐶&, 𝐶!).
• Visualized in the Tanner graph.
• Supported on row or column.

• These are classical stopping sets.
• Can be clustered by connected 

components in same row/column.
• Clusters share at most 1 check.
• Clusters define the VH graph.

𝑇(𝐻!)

𝑇(𝐻&)



Types of Cluster Configurations in the VH Graph
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Isolated Cluster Cluster Tree Cluster Cycle

• Vertices: classical stopping set clusters in the same row/column
• Edges: checks shared between two clusters



The VH Decoder for HGP Codes
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isolated

interior

dangling

• A peeling decoder stopping set is 
clustered into the VH graph.
• Isolated, dangling, or interior
• Solvable via Gaussian elimination

• Clusters are solved in sequentially*.
• Eliminate all isolated clusters.
• Peel dangling clusters from trees.
• *(Accounting for free vs frozen)

• Terminates when all clusters are 
solved, or a cluster cycle remains.

• 𝑂(𝑁!) complexity on code length 𝑁.

Connolly, N., Londe, V., Leverrier, A., & Delfosse, N. (2024). Fast erasure 
decoder for hypergraph product codes. Quantum, 8, 1450.



Peeling, Pruned Peeling, and VH-Decoder Pseudocode
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be too slow in practice for large n.

Algorithm 1: Classical peeling decoder

input : An erasure vector ω → ZN
2 and a

syndrome s → Zr
2.

output: Either failure or ê → Zn
2 such

that Hê = s and

supp(ê) ↑ supp(ω).

1 Set ê = 0.

2 while there exists a dangling check do
3 Select a dangling check ci.

4 Let bj be the dangling bit incident to

ci.

5 if si = 1 then
6 Flip the j-th bit of ê.

7 Flip sk for all checks ck incident

with bj .

8 Set ωj = 0.

9 if ω ↓= 0 return Failure, else return ê.

The classical peeling decoder [17], described
in Algorithm 1, provides a fast alternative to
the Gaussian decoder. Unlike a maximum like-
lihood decoder, for which logical errors are the
only source of failures, the additional possibil-
ity of a decoder failure is a major drawback for
the peeling decoder. However, because peeling
decoder failures are infrequent for sparse codes,
this algorithm gives a much more e!cient linear-
complexity decoding algorithm for LDPC codes
without a large increase in the failure rate.

To describe this decoder, it is convenient to
introduce the Tanner graph, denoted T (H), of
the linear code C = ker H. It is the bipartite
graph with one vertex c1, . . . , cr for each row of
H and one vertex b1, . . . , bn for each column of H
such that ci and bj are connected i" Hi,j = 1. We
refer to ci as a check node and bj as a bit node.
The codewords of C are the bit strings such that
the sum of the neighboring bits of a check node is
0 mod 2. Given an erasure vector ω, a check node
is said to be a dangling check if it is incident to a
single erased bit. We refer to this erased bit as a
dangling bit. Figure 1 shows a simple example of
this setup. The basic idea of the peeling decoder
is to use dangling checks to recover the values of
dangling bits and to repeat until the erasure is
fully corrected.

The notion of stopping set was introduced in
[18] to bound the failure probability of the de-

H =




1 1 1 0

1 1 1 1

0 1 1 1





= check node

= bit node

= dangling check

= dangling bit

s
t
o
p
p
in

g
s
e
t

Figure 1: Two examples of an erasure-induced subgraph

for a simple Tanner graph T (H). Non-erased nodes are

grayed-out and excluded from the subgraph.

coder for classical LDPC codes. A stopping set

for the Tanner graph T (H) is defined to be a
subset of bits that contains no dangling bit, as
shown in the rightmost example of Fig. 1. If
the erasure covers a non-empty stopping set, then
Algorithm 1 returns Failure. Algorithm 1 gets
stuck when the remaining erasure is equal to a
non-empty stopping set because each check is in-
cident to either zero or at least two erased bits.

The peeling decoder has been adapted to sur-
face codes [19] and color codes [20]. In the rest
of this paper, we design a fast erasure decoder
inspired by the peeling decoder that applies to a
broad class of quantum LDPC codes. Our design
process relies on the analysis of stopping sets. At
each design iteration, we propose a new version of
the decoder, identify its most common stopping
sets and modify the decoder to make it capable
of correcting these dominant stopping sets.

3 Classical peeling decoder for quan-

tum CSS codes

A CSS code with length N is defined by commut-
ing N -qubit Pauli operators SX,1, . . . , SX,RX →
{I, X}→N and SZ,1, . . . , SZ,RZ → {I, Z}→N called
the stabilizer generators [21, 22]. We refer to the
group they generate as the stabilizer group and
its elements are called stabilizers.

We can correct X and Z errors independently

Accepted in Quantum 2024-08-16, click title to verify. Published under CC-BY 4.0. 2

Connolly, N., Londe, V., Leverrier, A., & Delfosse, N. (2024). Fast erasure decoder for hypergraph product codes. Quantum, 8, 1450.

with the same strategy. Therefore we focus on the
correction of X errors, based on the measurement
of the Z-type stabilizer generators. This produces
a syndrome ω(E) → ZRZ

2 , whose ith component is
1 i! the error E anti-commutes with SZ,i. An
error with trivial syndrome is called a logical er-

ror and a non-trivial logical error if it is not a
stabilizer, up to a phase.

We assume that qubits are erased indepen-
dently with probability p and that an erased qubit
su!ers from a uniform error I or X [23]. This re-
sults in an X-type error E such that supp(E) ↑
supp(ε). The decoder returns an estimate Ê of
E given the erasure vector ε and the syndrome
s of E. It succeeds i! ÊE is a stabilizer (up to
a phase). The logical error rate of the scheme,
denoted Plog(p), is the probability that ÊE is a
non-trivial logical error.

By mapping Pauli operators onto binary
strings, one can cast the CSS erasure decoding
problem as the decoding problem of a classical
code with parity check matrix HZ whose rows
correspond to the Z-type stabilizer generators.
As a result, one can directly apply the classi-
cal Gaussian decoder and the classical peeling de-
coder to CSS codes. From Lemma 1 of [19], the
Gaussian decoder is an optimal decoder, i.e. a
Maximum Likelihood (ML) decoder, but its com-
plexity scaling like O(N3

) makes it too slow for
large codes. The peeling decoder is faster, with
scaling as O(N). However, the following lemma
proves that, unlike its classical counterpart, stop-
ping sets and hence decoder failures occur much
more frequently for quantum codes even in the
LDPC case.

Lemma 1 (Stabilizer stopping sets). The sup-

port of an X-type stabilizer is a stopping set for

the Tanner graph T (HZ).

Proof. This is because an X-type stabilizer com-

mutes with Z-type generators, and therefore its

binary representation is a codeword for the clas-

sical linear code ker HZ .

As a consequence, the classical peeling de-
coder has no threshold for any family of quan-
tum LDPC codes defined by bounded weight sta-
bilizers. Indeed, if each member of the family
has at least one X-type stabilizer with weight w,
then the logical error rate satisfies Plog(p) ↓ pw,
which is a constant bounded away from zero when

N ↔ ↗. This is in sharp contrast with the clas-
sical case for which the probability to encounter
a stopping set provably vanishes for carefully de-
signed families of LDPC codes [24].

4 Pruned peeling decoder

Since the peeling decoder gets stuck into stopping
sets induced by the X-type generators, the idea is
to look for such a generator S supported entirely
within the erasure and to remove an arbitrary
qubit of the support of S from the erasure. We
can remove this qubit from the erasure because
either the error E or its equivalent error ES (also
supported inside ε) acts trivially on this qubit.

Algorithm 2: Pruned peeling decoder

input : An erasure vector ε → ZN
2 , a

syndrome s → ZRZ
2 , and an

integer M .

output: Either Failure or an X-type

error Ê → {I, X}N
such that

ω(Ê) = s and

supp(Ê) ↑ supp(ε).

1 Set Ê = I.

2 while there exists a dangling generator do
3 Select a dangling generator SZ,i.

4 Let j be the index of the dangling

qubit incident to SZ,i.

5 if si = 1 then
6 Replace Ê by ÊXj and s by

s + ω(Xj).

7 Set εj = 0.

8 if there exists a product S of up to M
stabilizer generators among
SX,1, . . . , SX,RX such that
supp(S) ↑ supp(ε) then

9 Select a qubit in supp(S) with index j
and set εj = 0.

10 Go back to step 2.

11 if ε ↘= 0 return Failure, else return Ê.

This leads to the pruned peeling decoder de-
scribed in Algorithm 2. To make it easier to fol-
low, we use the terms dangling generator and dan-

gling qubit in place of dangling check and dangling
bit. A dangling generator is a Z generator in the
context of correcting X errors. In order to keep
the complexity of the peeling decoder linear, we
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of {b1} → (A ↑ B) for some b1 ↓ B. Similarly, any

horizontal cluster is a subset of (A ↑ B) → {a→
1}

for some a→
1 ↓ A. As a result, two clusters with

the same orientation (horizontal or vertical) can-

not intersect and the only possible intersection

between a cluster included in {b1} → (A ↑ B) and

a cluster included in (A ↑ B) → {a→
1} is the check

node (b1, a→
1). The bijection between check nodes

and edges of the VH graph follows.

Algorithm 3: VH decoder

input : An erasure vector ω ↓ ZN
2 , a

syndrome s ↓ ZRZ
2 .

output: Either Failure or an X-type

error Ê ↓ {I, X}N
such that

ε(Ê) = s and

supp(Ê) ↔ supp(ω).

1 Set Ê = I.

2 Construct an empty stack L = [].

3 while there exists an isolated or a
dangling cluster ϑ do

4 if ϑ is isolated or frozen then
5 Compute an error Êω supported on

ϑ whose syndrome matches s on

the internal checks of ϑ in T (HZ)

(using the Gaussian decoder).

6 Replace Ê by ÊÊω and s by

s + ε(Êω).

7 For all qubits j in ϑ, set ωj = 0.

8 else
9 Then ϑ is free.

10 Remove the free connecting check c
of ϑ from the Tanner graph T (HZ).

11 Add the pair (ϑ, c) to the stack L.

12 For all qubits j in ϑ, set ωj = 0.

13 while the stack L is non-empty do
14 Pop a cluster (ϑ, c) from the stack L.

15 Add the check node c to the Tanner

graph T (HZ).

16 Compute an error Êω supported on ϑ
whose syndrome matches s on all the

checks of ϑ in T (HZ), including the

free check c (using the Gaussian

decoder).

17 Replace Ê by ÊÊω and s by s + ε(Êω).

18 if ω ↗= 0 return Failure, else return Ê.

A check node of T (HZ) that belongs to a single

cluster is called an internal check, otherwise it is
called a connecting check. From Proposition 1, a
connecting check must belong to one horizontal
and one vertical cluster.

A cluster is said to be isolated if is has no con-
necting check. Then, it can be corrected indepen-
dently of the other clusters. A dangling cluster is
defined to be a cluster with a single connecting
check.

Given a cluster ϑ, let E(ϑ) be the set of errors
supported on the qubits of ϑ whose syndrome is
trivial over the internal checks of ϑ. Let S(ϑ)

be the set of syndromes of errors E ↓ E(ϑ) re-
stricted to the connecting checks of ϑ. The set
E(ϑ) is a subset of {I, X}N and S(ϑ) is a subset
of {0, 1}d(ω) where d(ϑ) is the number of connect-
ing checks of the cluster ϑ.

A cluster ϑ can have two types of connecting
check. If S(ϑ) contains a weight-one vector sup-
ported on a connecting check c, we say that c is
a free check. Otherwise, it is a frozen check. If a
check is free, the value of the syndrome on this
check can be adjusted at the end of the procedure
to match s using an error included in the cluster
ϑ.

To compute a correction Ê for a syndrome s ↓
ZRZ

2 , we proceed as follows. Denote by sω the
restriction of s to a cluster ϑ. We initialize Ê = I
and we consider three cases.

Case 1: Isolated cluster. If ϑ is a iso-
lated cluster, we use Gaussian elimination to find
an error Êω supported on the qubits of ϑ whose
syndrome matches s on the internal checks of ϑ.
Then, we add Êω to Ê, we add ε(Êω) to s and
we remove ϑ from the erasure ω. This cluster can
be corrected independently of the other cluster
because it is not connected to any other cluster.

Case 2: Frozen dangling cluster. If ϑ is
a dangling cluster and its only connecting check
is frozen, we proceed exactly as in the case of
an isolated cluster. This is possible because any
correction has the same contribution to the syn-
drome on the connecting check.

Case 3: Free dangling cluster. The correc-
tion of a dangling cluster ϑ that contains a free
check is delayed until the end of the procedure.
We remove ϑ from the erasure and we remove its
free check from the Tanner graph T (HZ). Then,
we look for a correction Ê→ in the remaining era-
sure. We add Ê→ to Ê and ε(Ê→

) to s. Once
the remaining erasure is corrected and the syn-
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of {b1} → (A ↑ B) for some b1 ↓ B. Similarly, any

horizontal cluster is a subset of (A ↑ B) → {a→
1}

for some a→
1 ↓ A. As a result, two clusters with

the same orientation (horizontal or vertical) can-

not intersect and the only possible intersection

between a cluster included in {b1} → (A ↑ B) and

a cluster included in (A ↑ B) → {a→
1} is the check

node (b1, a→
1). The bijection between check nodes

and edges of the VH graph follows.

Algorithm 3: VH decoder

input : An erasure vector ω ↓ ZN
2 , a

syndrome s ↓ ZRZ
2 .

output: Either Failure or an X-type

error Ê ↓ {I, X}N
such that

ε(Ê) = s and

supp(Ê) ↔ supp(ω).

1 Set Ê = I.

2 Construct an empty stack L = [].

3 while there exists an isolated or a
dangling cluster ϑ do

4 if ϑ is isolated or frozen then
5 Compute an error Êω supported on

ϑ whose syndrome matches s on

the internal checks of ϑ in T (HZ)

(using the Gaussian decoder).

6 Replace Ê by ÊÊω and s by

s + ε(Êω).

7 For all qubits j in ϑ, set ωj = 0.

8 else
9 Then ϑ is free.

10 Remove the free connecting check c
of ϑ from the Tanner graph T (HZ).
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graph T (HZ).

16 Compute an error Êω supported on ϑ
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checks of ϑ in T (HZ), including the

free check c (using the Gaussian

decoder).

17 Replace Ê by ÊÊω and s by s + ε(Êω).
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A check node of T (HZ) that belongs to a single

cluster is called an internal check, otherwise it is
called a connecting check. From Proposition 1, a
connecting check must belong to one horizontal
and one vertical cluster.

A cluster is said to be isolated if is has no con-
necting check. Then, it can be corrected indepen-
dently of the other clusters. A dangling cluster is
defined to be a cluster with a single connecting
check.

Given a cluster ϑ, let E(ϑ) be the set of errors
supported on the qubits of ϑ whose syndrome is
trivial over the internal checks of ϑ. Let S(ϑ)

be the set of syndromes of errors E ↓ E(ϑ) re-
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ported on a connecting check c, we say that c is
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ϑ.
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ZRZ

2 , we proceed as follows. Denote by sω the
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and we consider three cases.
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an error Êω supported on the qubits of ϑ whose
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we remove ϑ from the erasure ω. This cluster can
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because it is not connected to any other cluster.
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a dangling cluster and its only connecting check
is frozen, we proceed exactly as in the case of
an isolated cluster. This is possible because any
correction has the same contribution to the syn-
drome on the connecting check.

Case 3: Free dangling cluster. The correc-
tion of a dangling cluster ϑ that contains a free
check is delayed until the end of the procedure.
We remove ϑ from the erasure and we remove its
free check from the Tanner graph T (HZ). Then,
we look for a correction Ê→ in the remaining era-
sure. We add Ê→ to Ê and ε(Ê→

) to s. Once
the remaining erasure is corrected and the syn-
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The toric code is a stabilizer code defined via 
the lattice representation of the torus.
• Edges define qubits
• Vertices define 𝑋-stabilizer generators
• Plaquettes define 𝑍-stabilizer generators

Kitaev, A. Y. (2003). Fault-tolerant quantum computation by anyons. Annals of physics, 303(1), 2-30.
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Figure 3: Schematic representation of syndrome validation.

Proof. For the case of erasures the proof is straight-
forward since the erasure decoder can be called imme-
diately without going through steps 1. to 7. Consider
next the other extreme where only Pauli errors occur
and denote the error by EZ . A cluster C grows in
Algorithm 1 (Step 4.), when there are an odd number
of syndrome vertices contained within it. This implies
that there exists at least one path in the support of
EZ connecting a vertex of C to a vertex outside of
C. Therefore, when a cluster grows, at least one new
half-edge of EZ is covered. After at most 2s rounds of
growth, the grown cluster covers the entire error EZ

and there can be no more odd clusters left to grow.
At the end of the growing procedure, the diameter
of the largest erased cluster is at most 2s edges (4s
half-edges). By erasing this cluster, we obtain an era-
sure pattern that covers EZ and that does not cover a
non-trivial logical error since 2s < d. When the peel-
ing decoder is run in the final step it must therefore
succeed at identifying EZ up to a stabilizer. This ar-
gument relies on the optimality of the peeling decoder
proven in [18]

The general argument for a combination of s errors
and t erasures is similar. Growing the clusters in-
creases the diameter of the largest cluster by at most
2s. It is then upper bounded by 2s + t < d. Just as
in the case of only Pauli errors, the final step returns
an error equivalent to EZ , up to a stabilizer.

4 Achieving almost-linear complexity

Our next goal is to show that our decoder can be
implemented in almost-linear time in the number of
qubits, n, by exploiting Union-Find data-structure al-
gorithms [31, 57].

4.1 Union-Find algorithm for cluster growth

The key function of the decoder is to grow clusters,
and fuse them when they meet. For this we need
two things: a function Union(u, v) that performs the
fusion operation on two clusters Cu and Cv, and a
function Find(v) that identifies the cluster to which
vertex v belongs. The Find() function allows us to
distinguish clusters from one another, since we only
wish to fuse clusters when they are distinct. When an
edge, (u, v) is added to a growing cluster, we call the
function Find(u) and Find(v) on its two endpoints. If
the endpoints belong to the same cluster, Find(u) =
Find(v), in which case we do nothing. If Find(u) ”=
Find(v), they belong to different clusters and we must
fuse Cu and Cv. The complexity of this subroutine
provides the leading order in the complexity of our
decoder.

A naive algorithm: We first describe a naive
implementation of the Union() and Find() functions.
Let us store an index Find(v) for each vertex v in a
look-up table of size |V |. This makes the cluster iden-
tification trivial. However, when Union(u, v) is called
one must update the cluster indices Find(w) for all
the vertices w of one the two clusters Cu or Cv in
order to correctly update the state. This might re-
quire a number of updates of cluster indices Find(v),
which is itself linear in n. In the worst case, we call
Union up to n ≠ 1 times, yielding a quadratic overall
complexity, O(n2).

4.2 Implementation

We now describe the data structure, and steps re-
quired in the implementation to achieve an almost-
linear complexity.

Weighted Union: In order to reduce the complex-
ity due to updating the cluster index after merging,
we can choose to always select the smallest compo-
nent of the two clusters, Cu and Cv, to update. The
size of the small cluster at least doubles at each call
of Union(), which means that every vertex index is
updated at most O(log(n)) times, reducing the com-
plexity of the Union-Find update to O(n log n). To
do this it is also necessary to store the size of each
component, but this does not affect the complexity,
as we can simply add them to our look-up table.

Tree representation: We now consider how the
clusters can be stored in memory in order to speed up
the index update in Union(). The representation we
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quire a number of updates of cluster indices Find(v),
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Union up to n ≠ 1 times, yielding a quadratic overall
complexity, O(n2).
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ity due to updating the cluster index after merging,
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updated at most O(log(n)) times, reducing the com-
plexity of the Union-Find update to O(n log n). To
do this it is also necessary to store the size of each
component, but this does not affect the complexity,
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Let us store an index Find(v) for each vertex v in a
look-up table of size |V |. This makes the cluster iden-
tification trivial. However, when Union(u, v) is called
one must update the cluster indices Find(w) for all
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order to correctly update the state. This might re-
quire a number of updates of cluster indices Find(v),
which is itself linear in n. In the worst case, we call
Union up to n ≠ 1 times, yielding a quadratic overall
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4.2 Implementation

We now describe the data structure, and steps re-
quired in the implementation to achieve an almost-
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ity due to updating the cluster index after merging,
we can choose to always select the smallest compo-
nent of the two clusters, Cu and Cv, to update. The
size of the small cluster at least doubles at each call
of Union(), which means that every vertex index is
updated at most O(log(n)) times, reducing the com-
plexity of the Union-Find update to O(n log n). To
do this it is also necessary to store the size of each
component, but this does not affect the complexity,
as we can simply add them to our look-up table.
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• A mixed error channel includes both erasures and Pauli errors.
• Erased qubits are still assigned random values (erasure pattern is known).
• 𝑍-Pauli errors on qubits (edges) are identified by 𝑋-checks (vertices).
• The syndrome consists of triggered-vertices and erased edges.
• Corrections are chains of Paulis connecting pairs of triggered-vertices.
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where X (v) =
∏

v∈e Xe and Z ( f ) =
∏

e∈ f Ze. The operators
X (v) and Z ( f ) generate a group S, the stabilizer group, which
fixes the code space. Elements of S are called stabilizers. The
Z stabilizers, which are products of face operators Z ( f ), are
the operators of {I, Z}⊗E whose support is a trivial cycle of
G. By cycle, we mean here a subset of edges of G which
meets every vertex an even number of times. A cycle is said
to be trivial if it lies on the boundary of a set of faces. In
the same way, X stabilizers correspond to trivial cycles of
the dual graph. The correction of Pauli errors is based on
the measurement of the generators X (v) and Z ( f ) which tells
us whether or not the error commutes with these operators.
The outcome of this measurement is called the syndrome of
the error. Errors with a trivial syndrome, meaning that they
commute with all the stabilizers, can be seen as operators
acting on the code space and are called logical operators. For
instance, stabilizers are trivial logical operators. Nontrivial
logical operators correspond to nontrivial cycles in the graph
G or its dual.

III. MAXIMUM LIKELIHOOD DECODER
FOR QUBIT LOSS

The quantum erasure channel is one of the most simple
noise models. Each qubit is lost, or erased, independently
with probability p. Such a loss can be detected and the
missing qubit is then replaced by a totally mixed state I/2.
Writing I/2 = 1

4 (ρ + XρX + Y ρY + ZρZ ), we see that this
new qubit can be interpreted as the original state which
suffers from a Pauli error I, X, Y , or Z chosen uniformly
at random. The set of lost qubits is denoted by E. The
encoded state is subjected to a random uniform Pauli error
P whose support is included in E. Denote this condition
by P ⊂ E.

Just like when dealing with Pauli noise, one can then
measure the stabilizer generators X (v) and Z ( f ) and try to
recover the error P from its syndrome. The main difference
with Pauli channels is the additional knowledge of the erasure
pattern E. Since operators of S act trivially on the code space,
the goal of the decoder is to identify the coset PS of the error,
knowing the set E and the syndrome σ of P. The optimal
strategy, called maximum likelihood decoding (MLD), is to
maximize the conditional probability P (PS|E, σ ).

To illustrate how the knowledge of the erasure E simpli-
fies the decoding problem, assume that we found an error
P̃ ⊂ E whose syndrome matches σ . Both errors P and P̃
have the same syndrome, hence P̃ and P differ in a logical
operator L ⊂ E, trivial or not. Due to the fact that errors
Q ⊂ E are uniformly distributed, P (QS|E, σ ) is proportional
to the number |(QS) ∩ E| of Pauli errors of that coset that
are included in E. This number depends only on the number
|S ∩ E| of stabilizers having support inside E, which shows
that all the cosets are equiprobable. Therefore, MLD con-
sists simply of returning an error coset P̃S such that P̃ ⊂ E
and the syndrome of P̃ is equal to a given σ . This proves
the following.

Lemma 1. Given an erasure E ⊂ E for a surface code and
a measured syndrome σ , any coset P̃S of a Pauli error P̃ ⊂ E
of syndrome σ is a most likely coset.

The same argument applies for any stabilizer code.

Algorithm 1. MLD for surface codes.

Require: A surface G = (V, E , F ), an erasure E ⊂ E and the
syndrome σ ⊂ V of a Z error.

Ensure: A Z error P such that P ⊂ E and σ (P) = σ .
1: Construct a spanning forest FE of E.
2: Initialize A by A = ∅.
3: While FE &= ∅, pick a leaf edge e = {u, v} with pendant

vertex u, remove e from FE and apply the two rules:
4: (R1) If u ∈ σ , add e to A, remove u from σ and flip v in σ .
5: (R2) If u /∈ σ do nothing.
6: Return P =

∏
e∈A Ze.

IV. LINEAR-TIME MAXIMUM LIKELIHOOD DECODER

We now propose a fast algorithm that returns such a most
likely coset for Kitaev’s codes. We detail the construction
of the Z part of the error with Algorithm 1, illustrated n
Fig. 1. The same algorithm will be applied to the dual graph
to recover the X part of the error.

Only measurements of operators X (v) can detect a Z error.
The syndrome of a Z error P is thus the subset σ (P) ⊂ V
of vertices v such that X (v) anticommutes with this error.
Equivalently, it is the set of vertices surrounded by an odd
number of qubits supporting an error Z . In order to translate
our decoding problem into a graphical language, denote by
∂ (A) the set of vertices that a subset A ⊂ E encounters an odd
number of times and call it the boundary of A. The syndrome
of the Z-error pattern supported on A is exactly ∂ (A). Given
E ⊂ E and σ ⊂ V , we are looking for a subset of edges A ⊂ E
such that ∂ (A) = σ .

Paradoxically, an obstacle to a linear-time complexity is the
presence of cycles in E. Although cycles increase the number
of paths from a vertex to another and potentially make it
easier to find one, they also make it easier to make suboptimal
choices. Our basic idea is not to try to sequentially find paths
that pair the syndrome vertices together but instead to shrink
recursively the set of edges on which we have yet to make
a decision. To this end we select a spanning forest FE inside
E, that is, a maximal subset of edges of E that contains no
cycle and spans all the vertices of E. If E is a connected graph,
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FIG. 1. (a) A square lattice of the torus. Red thick edges mark
the set E of erased qubits which support some Z error. Its syndrome
is indicated by large red nodes. (b) A spanning forest FE [thick red
lines in (b)] is constructed. Then, starting from the leaves, an error
included in the FE is constructed using the syndrome. This provides
a correct estimation of the error up to a stabilizer.
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commute with all the stabilizers, can be seen as operators
acting on the code space and are called logical operators. For
instance, stabilizers are trivial logical operators. Nontrivial
logical operators correspond to nontrivial cycles in the graph
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with probability p. Such a loss can be detected and the
missing qubit is then replaced by a totally mixed state I/2.
Writing I/2 = 1

4 (ρ + XρX + Y ρY + ZρZ ), we see that this
new qubit can be interpreted as the original state which
suffers from a Pauli error I, X, Y , or Z chosen uniformly
at random. The set of lost qubits is denoted by E. The
encoded state is subjected to a random uniform Pauli error
P whose support is included in E. Denote this condition
by P ⊂ E.

Just like when dealing with Pauli noise, one can then
measure the stabilizer generators X (v) and Z ( f ) and try to
recover the error P from its syndrome. The main difference
with Pauli channels is the additional knowledge of the erasure
pattern E. Since operators of S act trivially on the code space,
the goal of the decoder is to identify the coset PS of the error,
knowing the set E and the syndrome σ of P. The optimal
strategy, called maximum likelihood decoding (MLD), is to
maximize the conditional probability P (PS|E, σ ).
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that pair the syndrome vertices together but instead to shrink
recursively the set of edges on which we have yet to make
a decision. To this end we select a spanning forest FE inside
E, that is, a maximal subset of edges of E that contains no
cycle and spans all the vertices of E. If E is a connected graph,

(a)

Z
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Z

Z

Z
Z

(b)

Z
Z Z

Z

Z

Z
Z

Z

FIG. 1. (a) A square lattice of the torus. Red thick edges mark
the set E of erased qubits which support some Z error. Its syndrome
is indicated by large red nodes. (b) A spanning forest FE [thick red
lines in (b)] is constructed. Then, starting from the leaves, an error
included in the FE is constructed using the syndrome. This provides
a correct estimation of the error up to a stabilizer.
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• The erasure-pattern for a surface code can be replaced with a spanning tree.
• All vertices are reached (including the triggered-checks of the syndrome).

• A solution supported on this tree is identified and used to correct.
• Solutions are valid up to multiplication by a stabilizer.

Original erasure-pattern and syndrome Spanning-tree supported solution

Erasure replacement 
by a spanning-tree
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FIG. 2. (a) Surface code with boundaries. White nodes and
dashed lines represent open vertices and open edges. (b) Red thick
lines indicate an erasure E with a Z error and its syndrome given by
the large red vertices. (c) A spanning forest FE , with open vertices
as a seed. Arrows show the way the forest is grown. (d) The error is
estimated by reversing the arrows.

general graph, applying this method to all the connected
components produces a spanning forest. Our starting point
is a tree T that contains only a single arbitrary vertex v of
H and no edge. We grow T by adding edges incident to
the tree that connect T with a vertex of H that does not
already belong to T . After adding |V | − 1 edges, one gets our
spanning tree.

In Algorithm 2, we will grow a spanning forest of a
graph H = (V, E ) equipped with a marked subset of ver-
tices O ⊂ V that we call the seed. The spanning tree of a
connected component containing a vertex vO ∈ O is con-
structed starting with this vertex vO. Then, just as before
we add edges that reach new vertices but we also require
that these newly reached vertices do not belong to O. Based
on this strategy, the spanning tree obtained is connected to
the boundary in at most one open vertex. If the connected

Algorithm 2. MLD for surfaces with boundaries.

Require: A surface G = (V, E , F ) with boundaries, an erasure
E ⊂ E̊ , and the syndrome σ ⊂ V̊ of a Z error.

Ensure: A Z error P such that P ⊂ E and σ (P) = σ .
1: Construct a spanning forest FE of E with seed V̆ ∩ V (E)

where V (E) is the set of vertices incident to E.
2: Initialize A by A = ∅.
3: While FE &= ∅, pick a leaf edge e = {u, v} with pendant

vertex u ∈ V̊ , remove e from FE , and apply the two rules:
4: (R1) If u ∈ σ , add e to A, remove u from σ , and flip v in σ .
5: (R2) If u /∈ σ do nothing.
6: Return P =

∏
e∈A Ze.

FIG. 3. Monte Carlo simulation of the peeling decoder for (a) the
2D toric code and (b) the 3D toric code. Each data point is obtained
from 105 decoding trials.

component does not contain any seed vertex, the previous
method applies.

Theorem 2. For generalized surface codes with bounded
degree and faces of bounded size, applying Algorithm 2 to
the graph and to its dual produces a linear-time maximum
likelihood decoder.

Proof. Existence and uniqueness of the set A follow from
the same argument as in the proof of Theorem 1 after replac-
ing cycles by relative cycles. Recall that a relative cycle is
a subset of edges that meets each nonopen vertex an even
number of times. The space of relative cycles of graph is
studied for instance in Sec. 4.1 of [18].

Then, Lemma 2, which provides the recursive construction
of the error, is used in an identical way. We only need to
make sure that the pendant vertices u picked in step 3 are
not open. Our algorithm picks these vertices by reversing the
construction of the forest with open vertices as a seed. This
guarantees that one can peel the whole forest. !

Figure 3 shows the results of our numerical simulation of
the Peeling decoder for the two-dimensional (2D) toric code
and the three-dimensional (3D) toric code with erasure on
edges. For these two codes, we observed a threshold of 50%
and 24.9%, which matches the optimal threshold predicted by
bond percolation theory [24].
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Figure 18: Peeling process to decode the erasure error
pattern given in Fig. 17. Grey edges indicate the span-
ning tree in the surface code lattice and red vertices
indicate the syndrome. The peeling algorithm is ap-
plied to the corresponding subgraph of the Tanner graph.
Blue edges indicate corrections applied to qubits. Each
time step denotes one iteration of the peeling algorithm,
whereby the erasure is reduced by one qubit.

both of which cause the decoder to fail. The
pruned peeling + VH decoder is designed to ad-
dress these stopping sets.

Stabilizer stopping sets occur when the erasure
contains the qubit-support of an X- or Z-type
stabilizer. Recall that the X- and Z-type sta-
bilizers must commute, which is possible if and
only if they overlap on an even number of qubits.
Hence, in terms of the nodes denoting stabilizer
generators in the Tanner graph, if we fix a node
corresponding to an X-stabilizer generator and
consider the set of qubits on which it is sup-
ported, each Z-stabilizer generator with overlap-
ping qubit-support must overlap on an even num-
ber of qubits in order to satisfy the commutativity
condition. Since the nodes denoting Z stabilizer
generators are exactly the check nodes in the Tan-
ner graph of HZ , these constitute a stopping set,
as shown in the example of Fig. 19. In particular,
there exist no dangling checks (which have degree
1) and hence this is a peeling decoder-stopping
set. A similar relationship holds for Z-stabilizers
in the Tanner graph of HX .

Such a stopping set can be modified by fix-
ing a value at random for one qubit of the sta-
bilizer and removing this qubit from the erasure.
This reduces the degree of a single check-node
in the erasure subgraph by 1, possibly introduc-
ing a dangling check and allowing the standard
peeling algorithm to become unstuck. Removing
a qubit from the erasure is equivalent to declar-
ing the random mixed state on this qubit to be
correct. This technique is valid for CSS codes
because there exists a solution on the remaining
erased qubits in the stabilizer-support such that
the combined contribution to the error is at most

n1

n2

r1

r2

Figure 19: An example of a stabilizer stopping set for
Hz of the 2→2 surface code. The red circles indicate an
erasure error, which consists of all of the qubits adjacent
to the X-stabilizer denoted by the orange square. The
cyan squares denote the Z-stabilizers adjacent to this set
of erased qubits. Notice that each of these Z-stabilizers
is adjacent to an even number of erased qubits, which is
a consequence of the commutation relation between X-
and Z-type stabilizers and also guarantees that there are
no peelable degree-1 checks in the erasure subgraph.

a stabilizer. This procedure, known as pruned

peeling, is applicable to any CSS code, not just
HGP codes.

Classical stopping sets are another common
type of peeling decoder stopping set which are
only defined for HGP codes. These refer to pat-
terns of erased qubits supported entirely on a
single row or column in the HGP Tanner graph
block structure of Fig. 10. In the simplest case, a
peeling decoder stopping set for one of the clas-
sical codes used in the HGP construction lifts to
a classical stopping set for the HGP code. Fur-
thermore, any HGP peeling decoder stopping set
can be decomposed into a union of vertical and
horizontal sets on the columns and rows of the
Tanner graph; although we refer to these compo-
nents as classical stopping sets, a single compo-
nent in isolation need not be a stopping set for
the corresponding classical code.

The VH decoder algorithm functions by order-
ing and e!ciently solving each of these classical
stopping sets in sequence, when possible, using
the Gaussian decoder. The basic premise relies
on the fact that, for a HGP code of length N ,
the component classical codes have length on the
order of

↑
N . Hence, even though Gaussian elim-

ination (which has cubic complexity in the code
length) is usually too slow for practical use, the
complexity is reduced when restricted to a single
classical stopping set. However, classical stop-
ping sets often overlap (i.e. share a check-node in
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D.3 Peeling Algorithm for Surface Codes

The surface code peeling decoder refers to a gen-
eralization of this algorithm adapted to surface
codes [55], which uses additional information
about stabilizers in the code. Before applying
the standard peeling algorithm, the modified al-
gorithm first computes a certain acyclic subgraph
of the usual erasure-induced subgraph. By lever-
aging stabilizer equivalences, it is su!cient to
apply the peeling algorithm only to this acyclic
subgraph to correct the entire erasure error; the
random values assigned to erased qubits not in-
cluded in this subgraph are assumed to be cor-
rect. The advantage here is that an acyclic graph
does not contain stopping sets; the peeling algo-
rithm will always successfully terminate with a
predicted erasure correction when applied to the
acyclic subgraph in question. Hence, unlike the
standard peeling decoder, the surface code peel-
ing decoder is maximum-likelihood.

It remains to comment on how we compute
this acyclic subgraph of the erasure-induced sub-
graph of the Tanner graph for the surface code.
To explain this, we consider the usual depiction
of a distance d surface code on a d → d lattice,
whereby qubits are identified with edges in the
lattice and X- and Z-type stabilizer checks are
identified with vertices and plaquettes, respec-
tively. That is say, the HX -computed syndrome
for Z-type Pauli errors on qubits is visualized by
the subset of vertices corresponding to unsatis-
fied X-checks. A similar visualization for X-type
Pauli errors is possible using the dual graph of
this lattice picture. In the context of an erasure
error, a subset of erased qubits is visualized by a
corresponding set of erased edges in the surface
code lattice. This erasure can also be thought
of as the subgraph of the lattice consisting of
erased qubit-edges and any vertices adjacent to
these edges (not to be confused with the related
erasure-induced subgraph of the Tanner graph).

After assigning erased qubits Pauli errors at
random, as usual, we consider the correction of Z-
and X-type errors independently. In the Z-error
case, the syndrome corresponding to the unsat-
isfied X-checks is a subset of the vertices in the
erasure-induced subgraph of the lattice. The al-
gorithm proceeds by computing a spanning tree
of the erasure-induced subgraph of the lattice (or
a spanning forest in the case of a disjoint sub-
graph). This spanning tree in the lattice also

corresponds to a subgraph in the Tanner graph
of HX ; each leaf in the spanning tree corresponds
to a dangling check in the subgraph. In this way,
we obtain the acyclic subgraph of the erasure-
induced subgraph of the Tanner graph mentioned
earlier. Any two spanning trees are equivalent up
to multiplication by stabilizers, as are the pre-
dicted errors obtained via the peeling algorithm.
The X-errors are corrected in exactly the same
way, except using the dual lattice.

This modified peeling algorithm is a linear-
complexity, maximum-likelihood decoder for the
surface code. We use this algorithm in our nu-
merical simulations for the surface code. Our im-
plementation of the surface code peeling decoder
is available in [57]. This process is briefly sum-
marized in Fig. 17 and 18.

Spanning Tree

Z
Z

Z

Unknown 

actual errors

(1) (2) (3) (4)

Figure 17: Illustration of the error correction process for
an example of erasure errors with the surface code lat-
tice. (1) Erased qubits are shown in bold grey lines. (2)
Erasure errors are converted to random Pauli errors by
replacing erased qubits with mixed states. The syndrome
(indicated by the red vertices) is then computed by ap-
plying stabilizer measurements as explained in Sec. 2.2.
(3) Information seen by the decoding algorithm: era-
sure pattern and syndrome. (4) A spanning tree for the
erasure pattern in the lattice is computed; this is identi-
fied with a corresponding acyclic subgraph of the Tanner
graph. The surface code peeling decoder then corrects
the qubits one by one using this subgraph.

D.4 Peeling Algorithm for HGP Codes

The pruned peeling + VH decoder [60] is yet
another generalization of the peeling decoder
adapted to the special case of HGP codes. As
mentioned in Appendix D.2, because these are a
type of CSS code, the standard peeling algorithm
can be directly applied to HGP codes. However,
this algorithm performs very poorly in practice,
even for LDPC codes. This poor performance
can be explained by the presence of stopping sets
unique to HGP codes which have no analogue in
the classical case. These stopping sets can be
grouped into two types: stabilizer and classical,
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• Using an erasure spanning-tree, erased qubits can be corrected and peeled.
• This process is linear complexity in the code length (really fast).
• Furthermore, this is a maximum likelihood decoder (as good as possible).

Toric code logical error rate
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Figure 3: Schematic representation of syndrome validation.

Proof. For the case of erasures the proof is straight-
forward since the erasure decoder can be called imme-
diately without going through steps 1. to 7. Consider
next the other extreme where only Pauli errors occur
and denote the error by EZ . A cluster C grows in
Algorithm 1 (Step 4.), when there are an odd number
of syndrome vertices contained within it. This implies
that there exists at least one path in the support of
EZ connecting a vertex of C to a vertex outside of
C. Therefore, when a cluster grows, at least one new
half-edge of EZ is covered. After at most 2s rounds of
growth, the grown cluster covers the entire error EZ

and there can be no more odd clusters left to grow.
At the end of the growing procedure, the diameter
of the largest erased cluster is at most 2s edges (4s
half-edges). By erasing this cluster, we obtain an era-
sure pattern that covers EZ and that does not cover a
non-trivial logical error since 2s < d. When the peel-
ing decoder is run in the final step it must therefore
succeed at identifying EZ up to a stabilizer. This ar-
gument relies on the optimality of the peeling decoder
proven in [18]

The general argument for a combination of s errors
and t erasures is similar. Growing the clusters in-
creases the diameter of the largest cluster by at most
2s. It is then upper bounded by 2s + t < d. Just as
in the case of only Pauli errors, the final step returns
an error equivalent to EZ , up to a stabilizer.

4 Achieving almost-linear complexity

Our next goal is to show that our decoder can be
implemented in almost-linear time in the number of
qubits, n, by exploiting Union-Find data-structure al-
gorithms [31, 57].

4.1 Union-Find algorithm for cluster growth

The key function of the decoder is to grow clusters,
and fuse them when they meet. For this we need
two things: a function Union(u, v) that performs the
fusion operation on two clusters Cu and Cv, and a
function Find(v) that identifies the cluster to which
vertex v belongs. The Find() function allows us to
distinguish clusters from one another, since we only
wish to fuse clusters when they are distinct. When an
edge, (u, v) is added to a growing cluster, we call the
function Find(u) and Find(v) on its two endpoints. If
the endpoints belong to the same cluster, Find(u) =
Find(v), in which case we do nothing. If Find(u) ”=
Find(v), they belong to different clusters and we must
fuse Cu and Cv. The complexity of this subroutine
provides the leading order in the complexity of our
decoder.

A naive algorithm: We first describe a naive
implementation of the Union() and Find() functions.
Let us store an index Find(v) for each vertex v in a
look-up table of size |V |. This makes the cluster iden-
tification trivial. However, when Union(u, v) is called
one must update the cluster indices Find(w) for all
the vertices w of one the two clusters Cu or Cv in
order to correctly update the state. This might re-
quire a number of updates of cluster indices Find(v),
which is itself linear in n. In the worst case, we call
Union up to n ≠ 1 times, yielding a quadratic overall
complexity, O(n2).

4.2 Implementation

We now describe the data structure, and steps re-
quired in the implementation to achieve an almost-
linear complexity.

Weighted Union: In order to reduce the complex-
ity due to updating the cluster index after merging,
we can choose to always select the smallest compo-
nent of the two clusters, Cu and Cv, to update. The
size of the small cluster at least doubles at each call
of Union(), which means that every vertex index is
updated at most O(log(n)) times, reducing the com-
plexity of the Union-Find update to O(n log n). To
do this it is also necessary to store the size of each
component, but this does not affect the complexity,
as we can simply add them to our look-up table.

Tree representation: We now consider how the
clusters can be stored in memory in order to speed up
the index update in Union(). The representation we
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The Union-Find decoder exploits several 
features of the toric code. 
• Chains of errors are likely short 

(triggered-vertices should be nearby).
• Erasures that do not wrap around the 

torus do not cover logical errors 
(therefore these can be corrected).

• Errors are corrected up to a stabilizer 
(so we can freely enlarge the erasure).

• Erasure clusters containing an even 
number of triggered-checks support a 
solution entirely contained in erasure 
(clusters can be solved separately).

Delfosse, N., & Nickerson, N. H. (2021). Almost-linear time decoding algorithm for 
topological codes. Quantum, 5, 595.
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(a) (b)

Figure 6: (a) Threshold of the 2d toric code for Z-type error
with no erasure. (b) Threshold of the 3d toric code for Z-
type error with no erasure.
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Figure 7: Below threshold performance for the 2d toric code
with pe = 0.1. Below the threshold the logical error rate
is exponentially suppressed as the lattice size increases. We
perform up to 109 Montecarlo trials per data point.

B Numerical results

Here we show an example of the threshold plots for the
numerics that were used to generate the data shown in
Figure 5. All data points were computed by repeated
montecarlo simulations of random erasure and noise
on a surface code followed by decoding. The simula-
tions were repeated until at least 10,000 failures had
been observed. Figure 6(a) shows the threshold for
the 2d toric code, when pe = 0, for which we find a
threshold of 9.9%. Figure 6(b) shows the threshold
for the 2+1d toric code, when pe = 0, for which we
find a threshold of 2.6%.

Figure 7 shows the below threshold scaling of the
where pe = 0.1. We see an exponential suppression
in the logical error rate with increasing lattice size,
strong evidence of the threshold behavior.
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Figure 1: Average running time. We show the time
taken to perform 106 Montecarlo trials of decoding for a 2d
toric lattice, under Pauli error and erasure error, with pe =
0.1. The average decoder running time increases linearly with
the number of qubits. Our decoder was implemented in C,
and run on a single 2.9 GHz Intel Core i5 CPU.

We begin by introducing the surface code in Sec-
tion 1. In Section 2 we introduce an outline of the de-
coding algorithm, and give analytic arguments about
its performance in Section 3. Sections 4 and 5 contains
our main result, the description of the implementation
that can be used to implement our decoding algorithm
in almost-linear time. Finally we present our numeri-
cal results, and discuss the application of the decoder
beyond the surface code in Section 6. Further discus-
sion of the complexity scaling, and numerical simula-
tions is given in the Appendices.

1 Background - the surface code

Our decoding algorithm generalizes to any surface
code with any genus, with or without boundaries [8,
29] as well as to color codes [6]. For simplicity, we
choose to describe the implementation for the surface
code without periodic boundary conditions.

The surface code: The surface code, introduced
by Kitaev [42], is a topological code, defined on a
square lattice of the torus, where a qubit is placed on
each edge. Denote respectively by V, E, F the set of
vertices, edges and faces of the lattice. The code is
defined to be the ground space of the Hamiltonian,

H = ≠
ÿ

vœV

Xv ≠
ÿ

fœF

Zf

There is an operator Xv associated with each vertex v
of the lattice and a plaquette operator Zf associated
with each face f . Xv is the product of the Pauli-X
matrices acting on the edges incident to v, i.e. Xv =r

eœv Xe, and Zf =
r

eœf Ze is the product of the
Pauli-Z acting on all edge of the face f . The code
space is defined as the simultaneous ‘+1’ eigenstate
of these operators Xv and Zf . These operators, and

Figure 2: The two stages of decoding. The erasure
decoder proceeds in two stages. We begin with a syndrome,
‡, caused by an error, EZ , that is supported only partially
in Á. In the first stage, syndrome validation modifies the
erasure to ÁÕ in such a way that there is an error EÕ

Z , entirely
supported within ÁÕ, whose syndrome is also ‡. In the second
stage ‡ and ÁÕ are decoded using the erasure decoder.

any product of them, are called the stabilizers of the
code, and form the stabilizer group, S.

Error model: For simplicity, we consider only
i.i.d. phase-flip errors, where each qubit is subjected
to a Z-error with probability pZ . The X-part of a
Pauli error can be corrected identically. In addition
to Pauli errors, a qubit may be erased, with probabil-
ity pe. We call the set of all erased qubits, the era-
sure, Á. We use the term erasure to describe the error
channel through which a qubit at a known location
is subjected to a Pauli Z error with probability 1/2.
The terms erasure, loss and leakage are sometimes
used interchangably, but physically loss and leakage
are two separate mechanisms through which a qubit
can be erased. If we detect that a qubit has left the
computational subspace (leakage), or that it is physi-
cally missing (lost), it can be reinitialized or replaced,
which corresponds to a random Pauli error after mea-
surement of the stabilizers. However, it is worth not-
ing that other physical processes could cause an error
at a known location, and these can be treated identi-
cally as an erasure.

Error correction: Error correction proceeds by
measuring the stabilizer operators Xv. When an error
EZ œ {I, Z}¢n has affected the qubits of the code,
any stabilizer Xv that anticommutes with the error
returns a ‘-1’ outcome. The subset of vertices, v, with
≠1 measurement outcomes is called the syndrome, ‡.
Given a syndrome, ‡, and an erasure, Á, the role of
the decoder is to find a correction operator, C(‡, Á),
such that C(‡, Á)EZ œ S. That is, when the correction
operator is applied to the code, the error is corrected
up to a stabilizer.

2 Union-Find decoder for surface

codes

We begin by introducing an outline of the decoding
procedure, without the details of its implementation
that are required to achieve low complexity.

Our algorithm is motivated by the fact that erasure
errors are much simpler to decode than Pauli errors.
Simply put, we can describe an erasure error as a Pauli
error at a known location. When erasure is the only
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• The union-find decoder is (almost) linear time complexity in the code length.
• The union-find decoder is a close approximation of the maximum likelihood decoder.
• Increasing the torus lattice increases the performance of the decoder.
• Generalized version of the decoder exists for quantum LDPC codes.
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Figure 2: Flow of quantum communication with the surface code using multiplexed photons. In the first step, a
quantum state is encoded into a surface code. Each circle with a number inside denotes the physical data qubits,
and the grey circles without any numbers are auxiliary qubits used for stabilizer measurements. For the second step
in a quantum multiplexing scenario, one assigns each physical qubit of the codeword to single photons using an
assignment strategy. For instance, in this figure, two components of the time-bin DOF in each photon are used
so that each photon can encode two qubits. There is freedom in which qubit is assigned to which photon, so it
is necessary to define a function mapping qubits to photons. We call this function the assignment strategy. Here,
the colors of the qubits indicate the photon to which it is assigned based on the assignment strategy. Then, the
encoded photons pass through a lossy channel. Here, we assume that we know which photons have been lost during
the transmission (erasure channel). If a photon has been lost, all the qubits assigned to this photon have been
lost. Finally, we demultiplex the received photons and decode it to a codeword of the surface code using the peeling
decoder [55] and a correction method for erasure errors as described in Sec. 2.2.

erasure errors. During the transmission, some
photons can be lost, causing the loss of all qubits
assigned to these photons as well. For instance,
when photon 1 is lost, qubits 1 and 7 will also
be lost as shown in Fig. 2, resulting in an era-
sure error. In the fourth step, the receiver re-
constructs an incomplete codeword missing some
qubits from the non-erased qubits assigned to
the remaining photons. For the final step, the
receiver replaces the missing qubits with mixed
states as explained in Sec. 2.2. E!ectively, this
results in a codeword with random Pauli errors
on some qubits. Next, the decoding algorithm
estimates the errors, and the receiver performs a
correction. In the second half of this paper, we
examine the performance of this communication
procedure via numerical simulation.

3 Multiplexed quantum communica-

tion with error-correcting codes

We propose three di!erent scenarios in which
multiplexing is used to enhance the e"ciency of
quantum communication. In each case, m qubits
are encoded into each photon, and we compare
them to the case of transmitting a codeword of a
given code C without multiplexing (m = 1). The
three scenarios are:

(A). m codewords of C are transmitted using the

same number of photons as the m = 1 case;

(B). an m-times larger code from the same family
as C is transmitted using the same number
of photons as the m = 1 case;

(C). a codeword of C is transmitted using m-
times fewer photons than the m = 1 case.

Examples for the case of the surface code are
shown in Table. 1, where the parameters of this
code are given as [[2d2, 2, d]], with d being the code
distance. Let us now explore each scenario in
turn.

(A) Sending m di!erent codewords

In the first scenario, the multiplexed photons are
used to encode m codewords from m independent
copies of the same code. The logical through-
put of the channel increases m fold over the no-
multiplexing case. One can assign qubits to pho-
tons so that each photon contains one qubit from
a codeword of the distinct codes. The qubits from
di!erent codewords are correlated, but there is no
correlation among the qubits in a fixed code. This
correlation does not a!ect the logical error rate
of the individual codes.

(B) Sending m-times bigger codewords

In the second scenario, a larger number of qubits
is used to encode a single codeword from a code
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• This refers to a procedure wherein multiple qubits are encoded into a single photon.
• Loss of a single photon yields an erasure error an all encoded qubits.
• Code/decoder aware assignment strategies can mitigate the loss of information.
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(C) Sending original codewords with fewer

photons

In the third scenario, a smaller number of pho-
tons are used to encode a single codeword. The
code parameters are the same as the case with-
out multiplexing. It has no restriction on the
number of codewords and can improve the e!-
ciency of surface code communication in general.
This method introduces a correlation to the er-
rors. Fig. 4 shows this scenario’s logical Z error
rate versus the photon loss probability for di"er-
ent values of m. It shows that as m increases, the
logical error rate also increases.

Figure 4: Scenario (C) multiplexing performance for the
[[200, 2, 10]] surface code with multiplexing using di!er-
ent values of m (the number of qubits per photon). The
assignment of qubits to photons is uniformly random.
Increasing m allows code words to be transmitted with
fewer photons, but the logical error rate increases be-
cause multiple qubits in the same photon have strongly
correlated errors.

Although the number of photons is reduced
compared to the no-multiplexing case, the e"ects
of the correlated errors can be very detrimental to
the performance of such a system. Ideally, these
detrimental e"ects can be reduced by strategi-
cally assigning qubits to the multiplexed photons.
In the next subsection, we explore five di"erent
strategies for qubit assignment.

3.1 Limitation and fault-tolerance of multi-

plexed communication

Generating time-bin multiplexed photons re-
quires linear optical elements such as polarizing
beam splitters, delay lines, wave plates, and op-
tical switches, as shown in Fig. 1 (A). In par-

ticular, the latter su"er from loss errors that are
detrimental to the overall performance of the sys-
tem. In [29], the authors analyze the impact of
imperfect optical switches on the performance of
a purification protocol. They show that, for an
optical switch e!ciency equal to 99%, adding one
time-bin mode to a polarized photon only slightly
reduces the performance of the system. However,
when several optical switches are in use to encode
multiple time-bin modes, much higher e!ciencies
are required. Although not fully achieved with
the current devices, future high-e!ciency optical
switches are required for several quantum tech-
nologies.

While it is possible for multiplexing to lead
to correlated errors between qubits stored in the
same photon, we do not expect this to compro-
mise fault tolerance except in the case where
these qubits correspond to the support of a logical
operator of the code, and the majority of our as-
signment strategies are designed to prevent this.
More generally, if we require that the number of
qubits per photon is a) independent of the size of
the code and b) smaller than the code distance,
then these correlated errors can, at most, result in
a constant-factor reduction of the distance, and
so long as the non-multiplexed procedure is fault-
tolerant, the multiplexed procedure will be fault-
tolerant as well.

4 Quantum Communication with Mul-

tiplexed Surface Codes

4.1 Assignment Strategies for Surface Codes

In this section, we describe five strategies for
assigning qubits to photons which take advan-
tage of multiplexing, and then evaluate the
impact of these strategies on communication
performance. These strategies assume that each
photon contains a fixed number of qubits m
and can be applied in both scenarios (B) and
(C). Because (B) can be regarded as a scaled
version of scenario (C), we will focus specifically
on surface code communication using the latter
case, where we send the original code word with
→2d2/m↑ photons.

Strategy i and ii: pair with minimum and max-
imum distance Strategies i and ii are applicable
to the case with m = 2. Strategy i assigns the
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Figure 7: Comparison of multiplexing photon-assignment strategies for surface codes. Logical Z error rate ver-
sus photon loss probability. The black curve shows the case without multiplexing. (A) The code parameters are
[[200, 2, 10]] and m = 2. The gray/brown curve shows the case for the assignment strategy for minimizing (strategy
i) / maximizing (strategy ii) the distance between a pair of qubits in the same photon. The orange curve shows
the case for uniform randomness (strategy iii), and the blue line shows random + threshold (strategy iv), based
on Algorithm 1. (B) The code parameters are [[288, 2, 12]] and m = 4. The Z stabilizer-based assignment (light
blue curve) outperformed the X stabilizer-based assignment (light orange curve) for logical Z errors. The mixed
stabilizer-based assignment strategy performs between X and Z. Strategy iii (orange circle) and iv (blue square)
outperform the other assignment strategies when the photon loss probability is low.

egy iv random + threshold outperformed the
other strategies. Maximizing the distance be-
tween qubits while also introducing randomness
gives the largest boost in performance against the
occurrence of logical errors. Note that no as-
signment strategy does better than the case with
m = 1 where no multiplexing is used.

We also analyzed the di!erence in the perfor-
mance between cases with multiplexing (m = 4)
and without it (m = 1), as shown in Fig. 8. When
physical error rates are low, this di!erence de-
creases with increasing code distance, suggesting
that the downsides of multiplexing are less signif-
icant in larger codes.

To assess the impact of multiplexing on the
logical error rate in more realistic use cases,
we evaluated the performance in a mixed error
model where both Pauli errors and photon losses
are present. We performed a simulation with the
following flow.
(1) Random Pauli errors on sender’s processor
transfer out and send→→→→→→→→→→→→↑ (2) Erasure errors on (multi-
plexed) photonic states transfer in→→→→→→↑ (3) Random
Pauli errors on receiver’s processor ↑ (4)
Quantum nondemolition measurement to detect
erasure errors ↑ (5) Replace erased qubits with

Figure 8: Di!erence of logical Z error rates for m = 4

(p4
L) and m = 1 (p1

L) for various photon loss probabilities
(p). For low p (0.3 ~ 0.42), the gap decreases to 0 as d
increases.

mixed state ↑ (6) Stabilizer measurement which
maps erasure errors to random Pauli errors ↑
(7) Decoding procedure. Here, “transfer out” is
a procedure to encode qubits into a photon, and
“transfer in” is the opposite procedure.

Note that random Pauli errors in (1) have
a smaller e!ect on the logical error rate than
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• Plots show erasure decoding (using a surface code spanning-tree) for [200,10] toric code. 
• Increasing the number of encoded qubits per photon also increase the logical error rate.
• The choice of assignment strategy has a large effect on the decoding performance.
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Strategy ii. Stabilizer Strategy iii. Sudoku Strategy iv. Row-Column Strategy v. Diagonal

Table 2: Examples of four di!erent photon assignment strategies for the simple HGP code shown in Fig. 10. (ii.)

Each photon in the stabilizer strategy is the qubit-support of an X or Z-type stabilizer generator, identified as a row
of HX or HZ . The number of qubits per photon is a fraction or multiple of the weight of the corresponding row.
(iii.) In the sudoku strategy, each qubit of a given photon is contained in a di!erent row or column of the HGP
Tanner graph. (iv.) Using the row-column strategy, each qubit of a given photon is contained in the same row or
column of the HGP Tanner graph. (v.) Photons from the diagonal strategy contain qubits from the same diagonal
slice of the HGP Tanner graph, allowing diagonal lines to wrap around. For strategies iii., iv., and v., the number of
qubits per photon is a fraction or multiple of the shortest side length in the block structure.

Strategy i: random The simplest assignment
strategy is based on assigning qubits to photons
uniformly at random.

Strategy ii: stabilizer The stabilizer assign-
ment strategy assigns qubits to photons so that
photons correspond to the qubit-support of a sta-
bilizer. This strategy is motivated by the fact
that the pruned peeling decoder is designed to
correct erased stabilizers.

Strategy iii: sudoku The sudoku strategy
assigns qubits to photons at random subject to
the condition that qubits within a given photon
come from di!erent rows and columns in the HGP
Tanner graph structure. It is motivated by the
goal of reducing classical stopping sets, a com-
mon source of peeling decoder failures for HGP
codes. We name this the sudoku strategy due to
its resemblance to the popular game.

Strategy iv: row-column In contrast to su-
doku, the row-column strategy chooses qubits in a
given photon from the same row or column of the
HGP Tanner graph structure. It seeks to max-
imize the number of classical stopping sets and
hence decoder failures. The row-column strategy
can be interpreted as a worst-case scenario.

Strategy v: diagonal The diagonal assign-
ment strategy is based on dividing the qubit
blocks in the HGP Tanner graph into diagonal
slices. Qubits from the same diagonal slice are
assigned to the same photon. This is a modified
version of the sudoku strategy which does not use
randomness but still seeks to minimize classical
stopping sets and hence decoder failures.

To compare the e!ectiveness of these strategies,
we have simulated their performance for several
codes at di!erent multiplexing values as shown
in Fig. 12 and Fig. 13. To understand these re-
sults, the case with no-multiplexing (m = 1) is
used as the baseline. An assignment strategy is
considered good if its failure rate is not signifi-
cantly worse than the m = 1 case. Interestingly,
our numerical simulations consistently show that
the performances of some strategies (random, su-
doku, and diagonal) are almost equivalent to or
even exceed the m = 1 case, even at high mul-
tiplexing values. However, the row-col and sta-
bilizer strategies are never seen to be e!ective in
our results.

Fig. 12 shows an example of a code where
the diagonal strategy consistently outperforms all
other strategies, even the no-multiplexing case,
and even at low erasure rates. This result is
significant because even though multiplexing re-
duces the number of required physical resources,
it is possible to improve the decoding perfor-
mance while doing so. In fact, an analysis of these
results reveals that the diagonal strategy yields
fewer logical errors than the no-multiplexing case
at the same physical erasure rate. This appears
to be a feature of the structure of the logical oper-
ators in the randomly generated code used in this
simulation, even though the strategy was not de-
signed with this in mind. This also explains the
gap between the sudoku and diagonal strategies,
both of which have similar amounts of decoder
failures but di!er with respect to logical errors.
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Figure 12: Multiplexing decoder performance for a
[[320,82]] non-equal block (16 → 16 and 8 → 8) HGP
code at fixed m = 8. In this example, strategy (v)
diagonal outperforms all other strategies, including the
no-multiplexing case.

These results show that strategies designed to
avoid decoder failures can have comparable (or
even favorable) performance relative to the no-
multiplexing case.

Although not identical, we observe similar per-
formance for a larger HGP code, as shown in
Fig. 13. The random, sudoku, and diagonal
strategies have nearly identical performance to
the no-multiplexing case regardless of the cho-
sen multiplexing number. (Simulations include
m ↑ {2, 4, 8, 16}, although only plots for m = 4

and m = 16 are shown.) Furthermore, these
results hold consistently at a low erasure rate,
which is the regime of practical interest. This
is significant because it implies there is no loss
in performance when multiplexing, even though
fewer physical resources are required, provided
the assignment strategy is adapted to the de-
coder. If an ML decoder were used (e.g., Gaus-
sian elimination rather than peeling + pruned
peeling + VH), a gap is expected between the
multiplexing and no-multiplexing cases. How-
ever, given that the combined decoder is a faster,
more e!cient alternative to a true ML decoder
for HGP codes, these results are very promising.

All the programs we used to simulate multi-
plexed quantum communication with HGP codes
are available here [61].

6 Discussion and Conclusion

We proposed three error-corrected quantum in-
formation processing scenarios for quantum mem-
ory storage and communication with quantum
multiplexing over an erasure channel. We have
shown that quantum multiplexing can improve
throughput or resilience to errors, easing the bot-
tleneck in quantum systems. This work can be
adapted to error-corrected quantum communica-
tion [28] with quantum interconnects, quantum
repeaters, and multimode quantum memory [62].

For multiplexed quantum communication, if
multiple qubits in a single code word are encoded
into the same photon, a correlation of errors in
those qubits will be introduced. The simulation
results show that it leads to an increase in the
logical error rate. We showed that this perfor-
mance gap can be significantly mitigated by in-
troducing a code-aware (or decoder-aware) strat-
egy to assign qubits to photons, which exploits
code structure. For surface codes in particular,
both randomness and distance maximization are
important factors for achieving this. For HGP
codes with the VH decoder, minimizing decoder
failures was found to be the most important fac-
tor.

These techniques can also be exploited to ben-
efit other families of codes and decoders. Fur-
thermore, it is possible to deal with the gap be-
tween the multiplexing and no-multiplexing cases
by increasing the code size. We have also shown
that it is possible to introduce biased error by
using a stabilizer-based assignment strategy. In
the special case of the diagonal strategy for the
HGP code of Fig. 12, we see that the photon-
correlated errors o"er an improvement over the
no-multiplexing case. In this example, the im-
provement can be explained by the fact that the
diagonal strategy reduces logical errors in addi-
tion to decoder failures. Furthermore, this shows
the existence of strategies that improve over no-
multiplexing despite the fact that fewer resources
are used.

Even though a linear-time ML decoder has not
yet been discovered for generic HGP codes as it
has been for surface codes, the use of HGP codes
with quantum multiplexing should not be over-
looked. Unlike surface codes, which have fixed di-
mension 2, HGP codes can be chosen so that code
dimension k increases linearly with code length
n. This can be significant for applications us-
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• Decoder-aware assignment strategies have a significant effect on performance.
• Certain strategies adapted to the decoder match the no-multiplexing case!
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• The VH-Decoder has certain limitations.
• Only defined for HGP codes.
• Quadratic complexity in code length.
• Susceptible to stopping sets.
• Does not close ML gap at higher erasures.

• The Cluster Decoder uses a similar approach to 
post process peeling decoder stopping sets.
• Defined for all quantum LDPC codes.
• Variable complexity (linear to quadratic).
• Resolves all* stopping sets.
• Near ML performance (similar to VH).

• The cluster decoder relies on decomposing the 
Tanner graph using cluster trees.

Yao, H., Gökduman, M., & Pfister, H. D. (2025). Cluster decomposition for improved erasure decoding of quantum ldpc codes. IEEE Journal on Selected Areas in Information Theory.
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offer competitive performance for decoding both bit-flip and
depolarizing noise in the code capacity model [31]. With
natural modifications that incorporate Log Likelihood Ratio
(LLR) adjustments and damping, BPGD on the hypergraph
product codes exhibited close-to-ML performance similar to
VH in the low-erasure-rate regime [30]. However, for erasure
rates near the threshold, a performance gap remains between
BPGD and ML for the quantum LDPC codes studied in [30].

In this work, we introduce a new erasure decoding algorithm
for quantum LDPC codes, called the cluster decoder, which
integrates classical peeling with a post-processing step termed
cluster decomposition. When the peeling decoder fails to
fully recover the erasures, we decompose the residual Tanner
graph induced by the remaining stopping set into a forest
of clusters, with each cluster corresponding to a biconnected
component of the residual Tanner graph. We then show that
the erasures within these clusters can be solved sequentially
and subsequently combined to yield a global solution for the
stopping set.

To resolve the erasures remaining after peeling, cluster
decomposition breaks the problem into a series of subprob-
lems, each associated with a distinct cluster, and solves
them sequentially. Unlike the VH decomposition, which relies
on the specific structure of hypergraph product codes, our
approach is independent of the code structure and applies to
arbitrary quantum LDPC codes.

By allowing clusters of unconstrained sizes, our cluster
decoder achieves ML decoding performance with reduced
complexity compared to direct Gaussian Elimination. When
we constrain the cluster sizes to a constant C and discard
erasure patterns whose decomposed clusters exceed C in size,
the decoding performance degrades, but the overall complexity
of the cluster decoder becomes linear in the code length.

Our simulation results show that, for hypergraph product
codes, the cluster decoder with constrained cluster sizes, simi-
lar to the VH decoder, closely approaches the ML performance
in the low-erasure-rate regime. For the general quantum LDPC
code we tested, with reduced complexity, the cluster decoder
effectively produces the ML performance curve in the high-
erasure-rate regime near the threshold.

II. PRELIMINARIES

A. Graph Decomposition

A graph G = (V, E) is defined by a node set V and an edge
set E consisting of edges e represented by unordered pairs e =
(v1, v2) for v1, v2 ∈ V . All graphs discussed in this paper are
assumed to be undirected without self-loops and multi-edges.
A graph G is called connected if there is a path between every
pair of vertices. Otherwise, G is called disconnected.

Given a graph G = (V, E), we define:
• connected component: a maximal set of nodes in V

whose induced subgraph is connected.
• articulation point: a node v ∈ V whose removal with

its adjacent edges increases the number of connected
components in G.

• bridge: an edge e ∈ E whose removal increases the
number of connected components in G.

Fig. 1. Example of decomposing a graph G into a cluster tree.

• biconnected component: a maximal set of nodes in V
whose induced subgraph has no articulation point.

At the top of Figure 1 we see an example of a graph showing
the above-defined elements. The graph G in this example is
connected, so it only has one connected component. G has two
articulation points node 5 and node 8, and two bridges edge
(8, 10) and edge (8, 11). G has five biconnected components
{3, 4, 5, 7}, {1, 2, 5}, {5, 6, 8, 9}, {8, 11}, and {8, 10}. Note that
the set of two nodes involved in a bridge also counts as a
biconnected component.

The biconnected components and articulation points of a
graph can be computed with the classic Hopcroft-Tarjan’s
algorithm [32]. This sequential algorithm works by performing
a depth-first search on G. For each connected component,
edges not included in the depth-first search tree are called back
edges if they connect a node to its ancestor in the tree [33,
p. 569]. A non-root node s is an articulation point if the subtree
rooted at s has no back edges pointing to any ancestor of
s, and a root node s is an articulation point if it has more
than one descendant in the depth-first search tree. For a graph
G = (V, E), the Hopcroft-Tarjan’s algorithm runs with time
complexity O(|V| + |E |) [32].

Any connected graph can be decomposed into a tree of
biconnected components and articulation points [34], [35]. In
this work, we call it the cluster tree and refer to each of
the biconnected components as a cluster. Figure 1 shows an
example of this decomposition. A cluster tree of a graph G
has two types of nodes: cut nodes representing the articulation
points in G, and cluster nodes representing the biconnected
components in G. A graph with more than one connected
component can be decomposed into a cluster forest.

The following lemma shows that the cluster forest of a graph
G can be constructed in linear time using Hopcroft-Tarjan’s
algorithm.
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Fig. 3. Example of the cluster decomposition of the variable-induced
subgraph of a stopping set. On top, we show the subgraph G′ of a stopping set
{v1, . . . , v8} that has no dangling checks. Graph G′ can be decomposed into
five clusters Br = {c2, c3, c4, v4, v5, v6}, B1 = {c1, c2, v1, v2}, B2 = {c2, v3},
B3 = {c5, c6, v6, v7}, and B4 = {c6, v8}. They are connected by three cut
nodes c2, v6, and c6, highlighted in blue. At the bottom, we show the cluster
tree of G′ rooted at its largest cluster.

Recall that, as outlined in Section II-A, any connected
graph can be decomposed into a tree consisting of cluster
nodes, which represent biconnected components, and cut
nodes, which represent articulation points, using the Hopcroft-
Tarjan algorithm. More generally, an arbitrary graph can be
decomposed into a cluster forest. The main idea of our
cluster decoder is to transform the problem of solving the
remaining erasures into multiple smaller subproblems, each
corresponding to a cluster, via this decomposition.

We start by decomposing the residual Tanner graph G′ into a
cluster forest. This can be achieved by first applying Hopcroft-
Tarjan’s algorithm on G′ to identify its set of clusters and cut
nodes, and then connecting clusters to cut nodes whenever a
cut node is contained within a cluster. Then, we can suspend
the tree from an arbitrary cluster Br, and view it as a cluster
tree rooted at Br. After assigning one cluster as the root, the
parent-child relation between the clusters and cut nodes in the
tree will be uniquely determined. By construction, the cluster
tree alternates cut node levels to cluster levels and always has
clusters as leaves. An example of the cluster decomposition
of a stopping set is provided in Figure 3. Note that a cluster
is not necessarily a variable-induced subgraph. For example,
cluster Br in Figure 3 is not a variable-induced subgraph of
{v4, v5, v6}.

Following Lemma 1, the construction of the cluster forest
can be achieved with a time complexity of at most O(2|V| +
2|C| + |E |) for a subgraph G′ of the Tanner graph G =
(V, C, E). For a CSS quantum LDPC code where the weights
of Z-stabilizers in H1 are bounded by a constant, the degrees
of the check nodes in the Tanner graph G are bounded by the
same constant. In such cases, the total number of edges |E | in
G is upper bounded by the maximum check degree multiplied
by the number of check nodes, making |E | linear in the block
length. Therefore, for a CSS quantum LDPC code, the time
complexity of constructing the cluster forest, as the first step
in our post-processing procedure, is linear in the block length
of the code.

After the cluster decomposition, the problem of finding
a solution in the residual erasure pattern can be divided
into several subproblems of finding solutions for each of the
clusters. Next, we show how to construct solutions for the
clusters sequentially, and then merge them into a single global
solution on the cluster tree that matches the residual syndrome.
It suffices to describe this procedure on a single cluster tree. In
the more general case of a cluster forest, the same procedure
can be applied to solve each of the isolated cluster trees
independently.

B. Consistency of Cluster Solutions

For a cluster B in the tree, let V(B) and C(B) denote the sets
of variable nodes and check nodes contained within the cluster,
respectively. Check nodes in C(B) that are not cut nodes are
referred to as internal checks. An assignment on the erased
variable nodes within B, represented by a vector x̂B supported
on V(B), is called a solution of B if it matches the residual
syndrome s′x on the internal checks. If B contains a check node
cj that is a cut node, we call the j-th syndrome bit of x̂B as its
contribution to the syndrome value on cj.

For example, considering the cluster B3 in Figure 3, we
have V(B3) = {v6, v7} and C(B3) = {c5, c6}. In cluster B3, c5
is an internal check and c6 is a cut node. A solution of B3 will
be a binary vector x̂B3 supported on the locations of {v6, v7}
that match the residual syndrome on c5. The contribution of
x̂B3 to the syndrome value on c6 equals

(
x̂B3

)
6 +

(
x̂B3

)
7 mod 2. (11)

Given a cluster tree with a residual syndrome s′x, we would
like to obtain a set of cluster solutions that can be merged into
a global solution on the cluster forest matching this residual
syndrome. We now describe the consistency conditions over
cut nodes that a collection of cluster solutions must satisfy to
ensure they match the residual syndrome. From now on, we
refer to cut nodes that are variable nodes in the Tanner graph
as variable cut nodes, and cut nodes that are check nodes as
check cut nodes.

For a variable cut node vi, let vi(B) denote its value in
the solution of its adjacent cluster B. A collection of cluster
solutions on the tree is said to be consistent on vi if, for all
its adjacent clusters B1, B2, . . . , Bs, we have

vi(B1) = vi(B2) = . . . = vi(Bs). (12)
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1. The cluster decoder applies peeling until stuck.
2. A peeling decoder stopping set gives rise to an 

erasure-induced subgraph of the Tanner graph.
3. This subgraph is decomposed as a cluster tree.
4. Clusters can be solved via Gaussian elimination.
5. Certain constraints on clusters determine order.
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In other words, the values of vi in the solutions of all its
neighboring clusters must be equal.

For a check cut node cj, let cj(B) denote the contribution
from the solution of its adjacent cluster B to the syndrome
value on cj. A collection of cluster solutions is consistent on
cj if, for all its adjacent clusters B1, B2, . . . , Bs, we have

(
s′x
)

j = cj(B1) + cj(B2) + . . . + cj(Bs) mod 2. (13)

In other words, the sum of contributions from all its neigh-
boring clusters to the syndrome value on cj must equal the
residual syndrome bit (s′x)j on cj.

A collection of cluster solutions on the tree is called globally
consistent if it is consistent on every cut node. In this case,
the cluster solutions can be merged into a global solution that
matches the residual syndrome s′x.

C. Constructing Cluster Solutions

We now show how to construct cluster solutions that are
globally consistent. The algorithm consists of two stages.
In the first stage, we compute solutions for each cluster,
starting from the leaves and progressing up to the root, while
propagating constraints along the edges of the tree. For a
cluster B with n′ variable nodes and m′ check nodes, one
of its solutions can be computed in time O(n′m′min(n′, m′))
with Gaussian Elimination. During this process, each cluster
collects constraints passed from its child cut nodes, if any,
computes its solutions, and summarizes the constraints it needs
to propagate upwards to its parent cut node. Similarly, each
cut node collects and summarizes constraints from its child
clusters and passes the resulting constraint to its parent cluster.
Here we describe this process in detail.

Consider a non-root cluster B with a variable cut node vi
as its parent. After collecting constraints from its child cut
nodes, if any, we compute two potential solutions for B, which
are stored for later use: one with vi(B) = 0 and another with
vi(B) = 1. If both solutions exist, B is labeled free for its
parent vi, meaning that regardless of the value assigned to vi,
there is a corresponding solution in B. If only one solution
exists, for example, when vi(B) = 0, then B is labeled frozen
and it propagates the constraint vi = 0 upwards to vi. We
adopt the terms free and frozen from [29] to describe the type
of constraints clusters propagate to their parent cut nodes.

Similarly, consider a non-root cluster B with a check cut
node cj as its parent. After collecting constraints from its child
cut nodes, if any, we compute two potential solutions for B,
which are stored for later use: one with cj(B) = 0 and another
with cj(B) = 1. If both solutions exist, B is labeled free for
cj, meaning that, regardless of the contribution required for
the syndrome on cj, a corresponding solution exists in B. If
only one solution exists, for instance, when cj(B) = 0, B is
labeled frozen and its only possible contribution, cj(B) = 0, is
propagated upwards to cj.

Next, we describe how constraints are collected and sum-
marized by the cut nodes. For a variable cut node vi, after
solutions for all its child clusters have been computed, it gath-
ers their constraints as follows. If vi has a frozen child cluster
that sends a constraint, such as vi = 0, then following (12),

Algorithm 2: RecursiveCompute
Input: Cluster B, residual syndrome s′x

1 L← list of additional constraints
// Collect constraints, if any

2 for vi in the child variable cut nodes of B do
3 for B′ in the child clusters of vi do
4 RecursiveCompute(B′, s′x)

5 if exist a frozen child cluster B′ then
6 add vi(B) = vi(B′) to L

7 for cj in the child check cut nodes of B do
8 for B′ in the child clusters of cj do
9 RecursiveCompute(B′, s′x)

10 if all child clusters B1, . . . , Bs are frozen then
11 add cj(B) = (s′x)j − cj(B1)− . . .− cj(Bs) mod 2 to

L

// Compute cluster solutions
12 if B is not a root cluster then
13 n← parent cut node of B
14 Compute and store two solutions of B with L, one

with n(B) = 0, and the other with n(B) = 1
15 if both solutions exist then
16 B labeled free for parent n
17 else
18 B labeled frozen for parent n

19 else
20 Compute one solution of B with L

vi is labeled frozen for its parent cluster B and propagates the
same constraint upwards. If all child clusters are labeled free,
vi is also labeled free for its parent B. We note that if vi receives
more than one constraint from its frozen child clusters, they
must be consistent. Since otherwise it means that the space of
solutions consistent on vi is empty, while we know that for
the erasure syndrome decoding problem, at least one globally
consistent solution exists.

For a check cut node cj, if any of its child clusters
are labeled free regarding their possible contributions to the
syndrome on cj, then the required contribution from its parent
cluster B is also labeled free. Otherwise, when all its child
clusters B1, . . . , Bs have frozen contributions, to match the
residual syndrome on cj, the contribution required from its
parent B can be computed from (13) as

cj(B) =
(
s′x
)

j − cj(B1)− · · ·− cj(Bs) mod 2. (14)

In this case, cj is labeled frozen and propagates its required
contribution to its parent B.

Now we describe how a cluster B collects constraints from
its child cut nodes before computing its solutions. There are
four possible cases:

1) If B has a frozen variable cut node vi as a child, the
received constraint, such as vi(B) = 0, is incorporated
when computing the solutions for B.

2) If B has a free variable cut node vi as a child, no
additional constraint is applied.
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3) If B has a frozen check cut node cj as a child, the
required contribution, such as cj(B) = 0, is incorporated
when computing the solutions for B.

4) If B has a free check cut node cj as a child, the
contribution from B to cj can be arbitrary, and no
additional constraint is applied.

A recursive implementation that collects the incoming
constraints from its children and computes the solutions for a
cluster B is provided in Algorithm 2.

After this process reaches the root cluster Br, we compute
a single solution for Br, incorporating all received constraints
from its child cut nodes. At this point, every frozen cluster has
one solution stored, and every free cluster has two solutions
stored. In the second stage of our algorithm, we select a
solution for each cluster by propagating constraints backward
from the root to the leaves.

For a cluster B in the tree, if it is the root cluster or a frozen
cluster, there is only one solution to select. If B is a free cluster
with two stored solutions, we choose the solution consistent
with the constraint propagated downward from its parent cut
node. Specifically, if B has a variable cut node vi as its parent,
we select the solution whose value on vi is consistent with the
received constraint; if B has a check cut node cj as its parent,
we select the solution consistent with the required contribution.
Afterward, for each child variable cut node vk, B propagates
the constraint vk = vk(B) of its selected solution downward to
vk. Similarly, for each child check cut node ck, B propagates
the contribution ck(B) of its solution downward to ck.

Next, we describe how constraints are propagated and
resolved through the cut nodes. For a variable cut node vi, after
receiving the constraint, such as vi = 0, from its parent cluster
B, it simply propagates the same constraints downwards for
each of its child clusters. The situation for check cut nodes
is a bit more subtle. For a check cut node cj, let B1, . . . , Bt
denote its child clusters with free contributions, and let
B∗1, . . . , B∗s denote its child clusters with frozen contributions.
After receiving the contribution cj(B) from its parent cluster
B, we need to assign a required contribution for each of its
free clusters to match the residual syndrome on cj. First, we
compute the required sum of the contributions from all its free
child clusters, denoted by !s, following (13) as

!sj =
(
s′x
)

j − cj(B)− cj
(
B∗1
)
− . . .− cj

(
B∗s
)

mod 2 (15)

Then, to match the residual syndrome on cj, we need a
contribution assignment with

!sj = cj(B1) + . . . + cj(Bt) mod 2, (16)

We note that since we are free to choose either of the two
possible contributions for each of these free child clusters, any
assignment satisfying (16) is valid, and all such assignments
lead to a set of cluster solutions consistent on cj. Since,
as established in Section II-D, all solutions that match the
residual syndrome are equally likely, it suffices to pick any one
assignment satisfying (16). In our implementation, we simply
assign the required contribution to the first free cluster B1 to be
cj(B1) = !sj, with zero contribution assigned to the rest of the
free clusters. A recursive implementation that selects a solution
for a cluster B and propagates its constraints downwards to its
children is provided in Algorithm 3.

Algorithm 3: RecursiveSelect
Input: Cluster B with parent cut node n, constraint

n(B) = b, residual syndrome s′x
// Select a cluster solution

1 if B is frozen or it is the root cluster then
2 B has only one solution to select from
3 else
4 B has two stored solutions; select the one consistent

with n(B) = b
// Propagate constraints

5 for vi in the child variable cut nodes of B do
6 for B′ in the child clusters of vi do
7 RecursiveSelect(B′, vi(B′) = vi(B), s′x)

8 for cj in the child check cut nodes of B do
9 B∗1, . . . , B∗s ← frozen child clusters of cj

10 B1, . . . , Bt ← free child clusters of cj
11 Compute

!sj = (s′x)j − cj(B)− cj(B∗1)− . . .− cj(B∗s ) mod 2
// Frozen child clusters

12 for B′ in {B∗1, . . . , B∗s } do
13 RecursiveSelect(B′, cj(B′) is frozen, s′x)

// Free child clusters
14 RecursiveSelect(B1, cj(B1) = !sj, s′x)
15 for B′ in {B2, . . . , Bt} do
16 RecursiveSelect(B′, cj(B′) = 0, s′x)

Algorithm 4: Cluster Decomposition Post-Processing
Input: block length n, residual Tanner graph G′, residual

syndrome s′x
Output: x̂′

// Cluster decomposition
1 Decompose G′ into a cluster forest with

Hopcroft-Tarjan’s algorithm
// Construct cluster solutions

2 for each cluster tree in the forest do
3 Br ← root cluster
4 RecursiveCompute(Br, s′x)
5 RecursiveSelect(Br, s′x)

6 Merge cluster solutions into a global solution x̂′

7 return x̂′

Once this process in the second stage reaches the leaves of
the cluster tree, a globally consistent solution will have been
selected for each cluster. The cluster solutions are then merged
into a global solution x̂′ that satisfies the residual syndrome,
such that x̂′HT

1 = s′x. The pseudocode summarizes the entire
cluster decomposition post-processing procedure is provided
in Algorithm 4.

D. Complexity of Cluster Decomposition Post-Processing

With cluster decomposition, we effectively achieve ML
decoding by resolving all remaining erasures after peel-
ing, with reduced complexity compared to directly applying
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3) If B has a frozen check cut node cj as a child, the
required contribution, such as cj(B) = 0, is incorporated
when computing the solutions for B.

4) If B has a free check cut node cj as a child, the
contribution from B to cj can be arbitrary, and no
additional constraint is applied.

A recursive implementation that collects the incoming
constraints from its children and computes the solutions for a
cluster B is provided in Algorithm 2.

After this process reaches the root cluster Br, we compute
a single solution for Br, incorporating all received constraints
from its child cut nodes. At this point, every frozen cluster has
one solution stored, and every free cluster has two solutions
stored. In the second stage of our algorithm, we select a
solution for each cluster by propagating constraints backward
from the root to the leaves.

For a cluster B in the tree, if it is the root cluster or a frozen
cluster, there is only one solution to select. If B is a free cluster
with two stored solutions, we choose the solution consistent
with the constraint propagated downward from its parent cut
node. Specifically, if B has a variable cut node vi as its parent,
we select the solution whose value on vi is consistent with the
received constraint; if B has a check cut node cj as its parent,
we select the solution consistent with the required contribution.
Afterward, for each child variable cut node vk, B propagates
the constraint vk = vk(B) of its selected solution downward to
vk. Similarly, for each child check cut node ck, B propagates
the contribution ck(B) of its solution downward to ck.

Next, we describe how constraints are propagated and
resolved through the cut nodes. For a variable cut node vi, after
receiving the constraint, such as vi = 0, from its parent cluster
B, it simply propagates the same constraints downwards for
each of its child clusters. The situation for check cut nodes
is a bit more subtle. For a check cut node cj, let B1, . . . , Bt
denote its child clusters with free contributions, and let
B∗1, . . . , B∗s denote its child clusters with frozen contributions.
After receiving the contribution cj(B) from its parent cluster
B, we need to assign a required contribution for each of its
free clusters to match the residual syndrome on cj. First, we
compute the required sum of the contributions from all its free
child clusters, denoted by !s, following (13) as

!sj =
(
s′x
)

j − cj(B)− cj
(
B∗1
)
− . . .− cj

(
B∗s
)

mod 2 (15)

Then, to match the residual syndrome on cj, we need a
contribution assignment with

!sj = cj(B1) + . . . + cj(Bt) mod 2, (16)

We note that since we are free to choose either of the two
possible contributions for each of these free child clusters, any
assignment satisfying (16) is valid, and all such assignments
lead to a set of cluster solutions consistent on cj. Since,
as established in Section II-D, all solutions that match the
residual syndrome are equally likely, it suffices to pick any one
assignment satisfying (16). In our implementation, we simply
assign the required contribution to the first free cluster B1 to be
cj(B1) = !sj, with zero contribution assigned to the rest of the
free clusters. A recursive implementation that selects a solution
for a cluster B and propagates its constraints downwards to its
children is provided in Algorithm 3.

Algorithm 3: RecursiveSelect
Input: Cluster B with parent cut node n, constraint

n(B) = b, residual syndrome s′x
// Select a cluster solution

1 if B is frozen or it is the root cluster then
2 B has only one solution to select from
3 else
4 B has two stored solutions; select the one consistent

with n(B) = b
// Propagate constraints

5 for vi in the child variable cut nodes of B do
6 for B′ in the child clusters of vi do
7 RecursiveSelect(B′, vi(B′) = vi(B), s′x)

8 for cj in the child check cut nodes of B do
9 B∗1, . . . , B∗s ← frozen child clusters of cj

10 B1, . . . , Bt ← free child clusters of cj
11 Compute

!sj = (s′x)j − cj(B)− cj(B∗1)− . . .− cj(B∗s ) mod 2
// Frozen child clusters

12 for B′ in {B∗1, . . . , B∗s } do
13 RecursiveSelect(B′, cj(B′) is frozen, s′x)

// Free child clusters
14 RecursiveSelect(B1, cj(B1) = !sj, s′x)
15 for B′ in {B2, . . . , Bt} do
16 RecursiveSelect(B′, cj(B′) = 0, s′x)

Algorithm 4: Cluster Decomposition Post-Processing
Input: block length n, residual Tanner graph G′, residual

syndrome s′x
Output: x̂′

// Cluster decomposition
1 Decompose G′ into a cluster forest with

Hopcroft-Tarjan’s algorithm
// Construct cluster solutions

2 for each cluster tree in the forest do
3 Br ← root cluster
4 RecursiveCompute(Br, s′x)
5 RecursiveSelect(Br, s′x)

6 Merge cluster solutions into a global solution x̂′

7 return x̂′

Once this process in the second stage reaches the leaves of
the cluster tree, a globally consistent solution will have been
selected for each cluster. The cluster solutions are then merged
into a global solution x̂′ that satisfies the residual syndrome,
such that x̂′HT

1 = s′x. The pseudocode summarizes the entire
cluster decomposition post-processing procedure is provided
in Algorithm 4.

D. Complexity of Cluster Decomposition Post-Processing

With cluster decomposition, we effectively achieve ML
decoding by resolving all remaining erasures after peel-
ing, with reduced complexity compared to directly applying
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Fig. 4. Performance of the [[1600,64]] hypergraph product code over erasures
with various decoders. The plot shows the failure rates of the decoders for
recovering a Pauli-X error supported on the erasure pattern, up to code
degeneracy. Error bars represent the 95% confidence intervals around the
simulated data points.

O(n2), following Theorem 2. This matches the complexity of
the VH decoder [29] for hypergraph product codes.

In the case of C = O(
√

n), we remark that if a stopping
set on a hypergraph product code is solvable via the VH
decomposition,1 in which case the VH graph of this stopping
set has no cycle [29], then it is also solvable by cluster
decomposition with a cluster size constraint C = O(

√
n).

Here, we are only comparing two decomposition-based post-
processing methods and do not account for pruned peeling in
the first stage of the VH decoder.

Consider a VH-solvable stopping set on a hypergraph
product code whose VH graph has no cycle. This stopping set
can be expressed as a forest of horizontal and vertical clusters
of size O(

√
n), with check nodes as articulation points. If we

apply cluster decomposition to this stopping set, the check
nodes that act as articulation points in the VH graph will
remain as cut nodes, while the horizontal and vertical clusters
may be further decomposed into smaller clusters. Regardless
of whether these horizontal and vertical clusters can be
further decomposed, the largest cluster size in this cluster
decomposition will be at most O(

√
n), the size of a horizontal

or vertical cluster. Therefore, any stopping set solvable by the
VH decomposition is also solvable by a cluster decomposition
with C = O(

√
n). Thus, the cluster decomposition post-

processing can be viewed as a generalization of VH, offering
a wide range of complexity based on the choice of C and
extending its use to arbitrary quantum LDPC codes.

IV. SIMULATION RESULTS

A. Cluster Decoder Performance

In Figures 4 and 5, we present simulation results for
the cluster decoder for the [[1600, 64]] and [[2025, 81]]
hypergraph product codes over erasures, respectively. These

1Here, we refer to the standard VH decomposition with a worst-case
complexity of O(n2). Note that at the end of [29], the authors discuss an
improved version of VH capable of solving certain stopping sets with cycles
in the VH graph, but at the cost of increasing the worst-case complexity to
O(n2.5).

Fig. 5. Performance of the [[2025,81]] hypergraph product code over erasures
with various decoders. The plot shows the failure rates of the decoders for
recovering a Pauli-X error supported on the erasure pattern, up to code
degeneracy. Error bars represent the 95% confidence intervals around the
simulated data points.

Fig. 6. Performance of the cluster decoder on the [[1600,64]], [[2025,81]],
and [[10000,400]] hypergraph product codes over erasures. The plot shows
the failure rates of the decoders for recovering a Pauli-X error supported
on the erasure pattern, up to code degeneracy. Error bars represent the 95%
confidence intervals around the simulated data points.

codes are two of the four hypergraph product codes simulated
in [29, Fig. 4]. In both figures, the blue curves represent
the performance of the cluster decoder with a cluster size
constraint of C = 20, while the black curves show the
cluster decoder performance without a cluster size constraint,
equivalent to ML decoding. For comparison, we also include
the performance of the peeling decoder, the pruned peeling
decoder from [29], the VH decoder from [29], and the BPGD
decoder from [30]. The results show that, for both hypergraph
product codes, the cluster decoder with C = 20 closely
approaches ML performance in the considered erasure rate
range, similar to both the VH decoder and the BPGD decoder.

In Figure 6, we present the performance of the cluster
decoder on three hypergraph product codes with parameters
[[1600, 64]], [[2025, 81]], and [[10000, 400]] over erasures,
both with a cluster size constraint of C = 20, and without a
cluster size constraint, which is equivalent to ML decoding.

For all three codes, the cluster decoder with C = 20
approaches ML performance when the erasure rate approaches
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Fig. 4. Performance of the [[1600,64]] hypergraph product code over erasures
with various decoders. The plot shows the failure rates of the decoders for
recovering a Pauli-X error supported on the erasure pattern, up to code
degeneracy. Error bars represent the 95% confidence intervals around the
simulated data points.

O(n2), following Theorem 2. This matches the complexity of
the VH decoder [29] for hypergraph product codes.

In the case of C = O(
√

n), we remark that if a stopping
set on a hypergraph product code is solvable via the VH
decomposition,1 in which case the VH graph of this stopping
set has no cycle [29], then it is also solvable by cluster
decomposition with a cluster size constraint C = O(

√
n).

Here, we are only comparing two decomposition-based post-
processing methods and do not account for pruned peeling in
the first stage of the VH decoder.

Consider a VH-solvable stopping set on a hypergraph
product code whose VH graph has no cycle. This stopping set
can be expressed as a forest of horizontal and vertical clusters
of size O(

√
n), with check nodes as articulation points. If we

apply cluster decomposition to this stopping set, the check
nodes that act as articulation points in the VH graph will
remain as cut nodes, while the horizontal and vertical clusters
may be further decomposed into smaller clusters. Regardless
of whether these horizontal and vertical clusters can be
further decomposed, the largest cluster size in this cluster
decomposition will be at most O(

√
n), the size of a horizontal

or vertical cluster. Therefore, any stopping set solvable by the
VH decomposition is also solvable by a cluster decomposition
with C = O(

√
n). Thus, the cluster decomposition post-

processing can be viewed as a generalization of VH, offering
a wide range of complexity based on the choice of C and
extending its use to arbitrary quantum LDPC codes.

IV. SIMULATION RESULTS

A. Cluster Decoder Performance

In Figures 4 and 5, we present simulation results for
the cluster decoder for the [[1600, 64]] and [[2025, 81]]
hypergraph product codes over erasures, respectively. These

1Here, we refer to the standard VH decomposition with a worst-case
complexity of O(n2). Note that at the end of [29], the authors discuss an
improved version of VH capable of solving certain stopping sets with cycles
in the VH graph, but at the cost of increasing the worst-case complexity to
O(n2.5).

Fig. 5. Performance of the [[2025,81]] hypergraph product code over erasures
with various decoders. The plot shows the failure rates of the decoders for
recovering a Pauli-X error supported on the erasure pattern, up to code
degeneracy. Error bars represent the 95% confidence intervals around the
simulated data points.

Fig. 6. Performance of the cluster decoder on the [[1600,64]], [[2025,81]],
and [[10000,400]] hypergraph product codes over erasures. The plot shows
the failure rates of the decoders for recovering a Pauli-X error supported
on the erasure pattern, up to code degeneracy. Error bars represent the 95%
confidence intervals around the simulated data points.

codes are two of the four hypergraph product codes simulated
in [29, Fig. 4]. In both figures, the blue curves represent
the performance of the cluster decoder with a cluster size
constraint of C = 20, while the black curves show the
cluster decoder performance without a cluster size constraint,
equivalent to ML decoding. For comparison, we also include
the performance of the peeling decoder, the pruned peeling
decoder from [29], the VH decoder from [29], and the BPGD
decoder from [30]. The results show that, for both hypergraph
product codes, the cluster decoder with C = 20 closely
approaches ML performance in the considered erasure rate
range, similar to both the VH decoder and the BPGD decoder.

In Figure 6, we present the performance of the cluster
decoder on three hypergraph product codes with parameters
[[1600, 64]], [[2025, 81]], and [[10000, 400]] over erasures,
both with a cluster size constraint of C = 20, and without a
cluster size constraint, which is equivalent to ML decoding.

For all three codes, the cluster decoder with C = 20
approaches ML performance when the erasure rate approaches
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[1600,64] HGP Code [2025,81] HGP Code

• Plots show a comparison of erasure decoders for two HGP codes.
• Cluster decoder with constrained size outperforms VH (linear complexity).
• Cluster decoder with unconstrained size achieves ML (quadratic complexity).
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